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Abstract We consider bicriteria scheduling problems on parallel, identical machines with
job release dates. The jobs are assumed to have equal processing times. Our
main goal in this paper is to report complexity results for bicriteria problems
in this environment when the number of machines is assumed to be a fixed or
constant value. The results are based on a straightforward use of the dynamic
program of Baptiste (2000). When the the number of machines is given, we show
that it is possible to minimize, in polynomial time, a composite linear objective
function involving 1) sum of completion times and total tardiness, and 2) under
a given condition the sum of weighted completion times and total tardiness. We
then use a technique proposed by Aneja and Nair (1979) to generate extreme
schedules on the efficient frontier for the first problem and a subset of them for
the second one. We also show that it is possible to generate in polynomial time
the set of Pareto Optimal points for bicriteria problems withCmax as one of the
criteria and either of

∑
wjCj and

∑
Tj as the other.

Keywords: bicriteria scheduling, parallel machines, equal processing time jobs.

1. Introduction

We consider the problem of schedulingn jobsJ1, J2, ..., Jn on m parallel,
identical machines.Each job has a release daterj , a due-datedj and weight
wj . All jobs have the same processing timep. The goal is to find a completion
time Cj for each jobj to solve some bicriteria optimization problems. The
completion times have to be feasible, that is 1) jobs start after their release date
i.e. ∀j, Cj − p ≥ rj and 2) no more thanm machines are used at any time
t,i.e ∀t, | {Jj |Cj − p ≤ t < Cj} |≤ m . Additionally, all schedules are non-
preemptive.

Since criteria are often conflicting, it is rare that a single solution is best for
all of them. In any multicriteria problem it is important to point out the nature
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of optimization being performed given that such trade-offs exist.

Let S be the set of feasible solutions for a bicriteria optimization problem
andz1(X) andz2(X) be the objective values for criteriaz1 andz2 (both of
which need to be minimized) for a feasible solutionX ∈ S. We follow, for
the most part, the notation and terminology of T’Kindt and Billaut (2002) and
Hoogeoveen (2004).

It may be of interest to minimize a secondary criterionz2 given the optimal
value of the primary criterionz1. This is called lexicographic or hierarchial
optimization represented as Lex (z1, z2). Sometimes the decision-maker may
have a linear function in mind that he intends to minimize: a composite func-
tion of the formFl(z1, z2) = α ∗ z1 + (1 − α) ∗ z2, where0 ≤ α ≤ 1. But
perhaps of most interest - and in many cases the most difficult to generate - is
the set of Pareto optimal or non-dominated solutions.

Definition 1 A solutionX∗ is Pareto optimal or non-dominated if there
exists no other solutionX ∈ S for which z1(X) ≤ z1(X∗) and z2(X) ≤
z2(X∗) where at least one of the inequalities is strict.

Definition 2 A solutionX∗ is said to be weakly Pareto optimal if there
exists no other solutionX ∈ S for which z1(X) < z1(X∗) and z2(X) <
z2(X∗)

Let co(ND) represent the convex hull of all the non-dominated solutions
when each solution in plotted on in criteria space (with each axis representing a
criterion) based on the values the solution has for the two criteria. Hooegeveen
(2004) defines theefficient frontieras the lower envelope ofco(ND) and an
extreme pointas a Pareto optimal solution that is also a vertex of the efficient
frontier. The set of extreme points is of interest as sometimes it is not possible
to generate all the Pareto optimal solutions. It is worthwhile to note that there
exists an extreme point that is an optimal solution to the linear combination
Fl(z1, z2) = α ∗ z1 +(1−α) ∗ z2, for anyα such that0 ≤ α ≤ 1 The extreme
points are also a subset of thesupportedsolutions, defined by T’Kindt and Bil-
laut (2002) as set of Pareto optimal points located on the efficient frontier. The
set ofnon-supportedsolutions are set of set of Pareto optimal points that do
not lie on the efficient frontier.

Insert figure 1 here.

In this paper, we consider the minimization of a linear combination of cri-
teria Fl(z1, z2) = (α ∗ z1 + (1 − α) ∗ z2, where0 ≤ α ≤ 1, andz1 and
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z2 are the two objectives) for the following problems. In the notation of
T’Kindt and Billaut (2002), we have 1)Pm|rj , pj = p|Fl(

∑
Cj ,

∑
Tj) and

2) Pm|rj , pj = p|Fl(
∑

wjCj ,
∑

Tj). In the next step, we generate the ex-
treme schedules on the efficient frontier for the first problem and a subset of
the extreme schedules on the efficient frontier for the second one.

We also present algorithms to generate the set of Pareto optimal points
for some bicriteria problems. The technique used is theε − constraint ap-
proach and is written in theγ field of theα|β|γ scheduling notation asε(z1|z2)
(T’Kindt and Billaut (2002)). It implies the minimization ofz1 given a fixed
value ofz2. Our bicriteria problems are represented as:
1) Pm|rj , pj = p|ε(

∑
wjCj |Cmax) and 2)Pm|rj , pj = p|ε(

∑
Tj |Cmax).

2. Related Work

The recent survey Hoogeoven (2004) is a comprehensive study of multi-
criteria scheduling research to date. The survey reveals the dearth of theo-
retical results in bicriteria problems involving parallel machines, mostly be-
cause very few single criteria problems are have polynomial time complex-
ities. Recently, however, some results have emerged in this area. Baptiste
and Brucker (2004) show thatPm||Lex(

∑
Cj ,

∑
Uj) (the minimization of

the total number of tardy jobs given the optimal value of the total completion
time) is solvable in pseudopolynomial time and thatP2||Lex(

∑
Cj ,

∑
Uj) is

NP-hard. Guptaet al. (2003) prove further complexity results: they show
thatP ||Lex(

∑
Cj , Cmax) is strongly NP-hard and thusP ||Lex(

∑
Cj ,

∑
Uj)

is strongly NP-hard as well;P ||Lex(
∑

Cj , Tmax) can be solved in pseudopoly-
nomial time; andPm||Lex(

∑
Cj ,

∑
Uj) can be solved in polynomial pro-

vided the processing times are all different. In a later paper, Gupta and Ruiz-
Torrez (2004)propose heuristic algorithms for generating a set of efficient (non-
dominated) schedules on identical parallel machines involving total flow-time
and total number of tardy jobs. Sarin and Prakash (2004) propose polynomial
algorithms for bicriteria scheduling of various pairs of traditional scheduling
objectives of in a parallel machine environment with equal release dates assum-
ing that all jobs have equal processing times. Their approach is lexicographic
optimization i.e. they assume a primary measure and a secondary measure.
Angelet al(2003) identify a class of multiobjective optimization problems pos-
sessing a fully polynomial time approximation scheme (FPTAS) for comput-
ing anε-approximate Pareto curve. T’kindt et al. (2001) consider a bicriteria
scheduling problem on unrelated parallel machines applicable to a in the pro-
duction of glass bottles.
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In the last few years, a slew of parallel machine scheduling problems with
release dates, whose complexities had previously been unknown, were shown
to be polynomial (Baptiste (2000), Baptisteet al. (2002)). A key characteristic
which makes these problems tractable is the polynomial number of time points
at which jobs can start or finish in a schedule. We return to this property later
in section 5.

For our bicriteria optimization requirements, we use the the dynamic pro-
gram of Baptiste (2000) that solves

∑
wjCj and

∑
Tj optimally (each criteria

individually) and works for sum functions (
∑

fj) that are non-decreasing for
all fi and monotonous for allfi − fj . For notational convenience we call this
dynamic program DPB (Dynamic Program by Baptiste).

3. Minimizing a composite linear function

As stated earlier, DPB works for functions of the type
∑

fj that are non-
decreasing and monotonous, formally defined below, (Baptiste, 2000):

Definition 3.1 The functionsfi are non-decreasing, i.e.,∀t1,∀t2 > t1, fi(t1) ≤
fi(t2) and the functionsfi−fj are monotonous, i.e., either∀t1,∀t2 > t1, (fi−
fj)(t1) ≤ (fi − fj)(t2) or ∀t1,∀t2 > t1, (fi − fj)(t1) ≥ (fi − fj)(t2).

We now considerPm|rj , pj = p|Fl(
∑

Cj ,
∑

Tj) scheduling problem.

Proposition 3.1 fi − fj is monotonous for any composite linear function
of the formα ∗

∑
Cj + (1− α) ∗

∑
Tj , where0 ≤ α ≤ 1.

Proof: In fi−fj , for any pair of jobsi andj at any time point, theα∗
∑

Cj part
of the composite linear function is always 0. Therefore when the function is
compared at any two time pointst1 andt2, t1 ≤ t2, only the(1−α)∗

∑
Tj can

be non-zero. Sincefi− fj is monotonous for(1−α) ∗
∑

Tj , it is monotonous
for α ∗

∑
Cj + (1− α) ∗

∑
Tj as well.

We continue with thePm|rj , pj = p|Fl(
∑

wjCj ,
∑

Tj) scheduling prob-
lem. Here, the linear function has the form:α ∗

∑
wjCj + (1− α) ∗

∑
Tj . In

the analysis that follows, we attempt to characterize the values ofα for which
fi − fj is monotonous.

Let wmin = min{wi − wj |Ji, Jj , wi > wj , di > dj}. Then we have the
following proposition.

Proposition 3.2 For any values ofα that satisfyα ≥ 1/(1 + wmin), the
composite linear functionsfi − fj involving weighted completion time and
tardiness are monotonous.
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Proof: Note that for those pairs of jobs for which,wi ≥ wj anddi ≤ dj ,
fi − fj is monotonous. So we focus our attention on pairs of jobs for which
wi > wj anddi > dj . We consider six exhaustive cases based on the locations
of the time pointst1 andt2.

1. t1, t2 ≤ di: fi − fj is monotonous for any pair of jobs as tardiness of the
jobs is zero and only theα ∗

∑
wjCj part can be non-zero.

2. t1, t2 > dj andt1, t2 ≤ di: Here forfi − fj to be monotonous,

α(wi − wj)t1 − (1− α)(t1 − dj) ≤ α(wi − wj)t2 − (1− α)(t2 − dj)

α ∗ (wi − wj)(t2 − t1) ≥ (1− α)(t2 − t1)

(1− α)/α ≤ (wi − wj)

3. t1, t2 > di: Here we need,

α(wi − wj)t1 + (1− α)(dj − di) ≤ α(wi − wj)t2 + (1− α)(dj − di)

This is automatically ensured as the(1− α)(dj − di) is constant at botht1
andt2.

4. t1 ≤ dj anddj < t2 ≤ di: We considert1 = dj as if we show that
(fi − fj)t2 ≥ (fi − fj)dj then from case 1,(fi − fj)t2 ≥ (fi − fj)t1 for all
t1 < dj . We therefore need,

α(wi − wj)dj ≤ α(wi − wj)t2 − (1− α)(t2 − dj)

which leads us to:

(1− α)/α ≤ (wi − wj)

5. dj < t1 ≤ di andt2 > di: Forfi − fj to be monotonous,

α(wi − wj)t1 − (1− α)(t1 − dj) ≤ α(wi − wj)t2 + (1− α)(dj − di)

which leads us to:

(1− α)(di − t1) ≤ α(wi − wj)(t2 − t1)
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Since(t2 − t1) will tend to equal(di − t1) whent2 is close todi we need:

(1− α)/α ≤ (wi − wj)

6. t1 ≤ dj andt2 > di: We considert1 = dj for the same reason explained
in case 4. Forfi − fj to be monotonous, we need to satisfy,

α(wi − wj)dj ≤ α(wi − wj)t2 + (1− α)(dj − di)

which leads us to:

(1− α)(di − dj) ≤ α(wi − wj)(t2 − dj)

Since(t2 − dj) will tend to equal(di − dj) whent2 is close todi we end up
once more with the equation that gives us values ofα that ensure thatfi − fj

is monotonous:

(1− α)/α ≤ (wi − wj)

The result means that even if thewmin = 1, DPB can be used to optimally
solve theα ∗

∑
wjCj + (1 − α) ∗

∑
Tj as long asα is 0.5 or higher. This

conclusion is quite interesting and useful as it implies that the
∑

wjCj +
∑

Tj

function can be solved in polynomial time given the number of machines, while
the closely related objective

∑
wjTj (which is not monotonous for allfi − fj

functions) is still an open problem.

4. Generating Extreme Schedules

Aneja and Nair (1979) generate the extreme points for a bicriteria trans-
portation problem modeled as assignment problem. Though our optimization
technique is a dynamic program it is still possible for us to use their algorithm
to generate the extreme schedules on the efficient frontier for the bicriteria
problem involving total completion time and total tardiness. The steps of the
algorithm are given below. For notational convenience we usez1 for

∑
Cj and

z2 for
∑

Tj . z
(k)
1 andz

(k)
2 are used to denote the objective values ofz1 andz2

and pointk.

Step 0: Use DPB to find the optimal valuez(1)
1 for thez1 objective. Record

the value ofz(1)
2 for this solution. Setk = 1. Similarly use DPB to find the

optimal valuez
(2)
2 for the z2 objective and record the value ofz

(2)
1 for this
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solution. If (z(1)
1 , z

(1)
2 ) = (z(2)

1 , z
(2)
2 ), stop. Setk = k + 1. Define sets

L = (1, 2) andE = ∅ and go to step 1.
Step 1: Choose an element(r, s) ∈ L and setar,s

1 = |zs
2 − zr

2| andar,s
2 =

|zs
1 − zr

1|. Use the DPB now to minimize:ar,s
1 ∗ z1 + ar,s

2 ∗ z2. Let z∗1 andz∗2
be the values of objectivesz1 andz2 respectively. If(z∗1 , z

∗
2) is equal either to

((z(r)
1 , z

(r)
2 ) or (z(s)

1 , z
(s)
2 ), setE = E ∪ {(r, s)} and go Step 2. Else record,

((z(k)
1 , z

(k)
2 ) such thatz(k)

1 = z∗1 andz
(k)
2 = z∗2 . Setk = k + 1, L = L ∪

(r, k), (k, s) and go to step 2.
Step 2: SetL = L− (r, s). If L = ∅, stop. Otherwise go to Step 1.

Insert figures 2 and 3 here.

The algorithm differs from the one given in Aneja and Nair (1979) in the fol-
lowing feature: the points 1 and 2 with which we start the algorithm may not al-
ways be extreme points representingLex(

∑
Cj ,

∑
Tj) andLex(

∑
Tj ,

∑
Cj).

In other words, they may be weakly Pareto optimal solutions. However, it is
easy to see that we will still end up with all the undiscovered extreme points
including the lexicographic ones. This is because all the undiscovered efficient
extreme will lie in halfspace beneath the line joining the two initial points (Fig-
ure 2), which represents the new objective function. The proof of correctness
and finiteness will follow the same steps as the one described in Aneja and
Nair (1979).

For the problem with
∑

wjCj and
∑

Tj , however, the same algorithm can
only be used to generate a subset of the extreme schedules. The only modi-
fication in the algorithm will involve changing the 2nd point in Step 0 of the
algorithm to the one obtained by solvingα ∗

∑
wjCj + (1 − α)

∑
Tj , where

α = 1/(1 + wmin). Thus the procedure will generate all the extreme points
that lie in halfspace below the line joining the two initial points (Figure 3).

The DPB has a complexity of O(n3m+4) (Baptiste 2000). If the number of
extreme points isk, the complexity of this procedure is O(kn3m+4).

5. Bicriteria Problems involving Cmax

One of the main reasons for the polynomial solvability of release date prob-
lems with equal processing times is that the number of time points at which
jobs can start or finish in a schedule is bounded by O(n2). The following
lemma from Baptiste (2000) expresses this more formally. Ifζ denotes the
schedule, among optimal ones then the following lemma characterizes the time
points at which jobs start and end on the scheduleζ.

Lemma 3 The time points at which jobs start and end on the scheduleζ be-
long toT = {t : ∃ri,∃l ∈ {0, ..., n}, t = ri + lp}
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This property is particularly useful in bicriteria optimization when one of
the criteria isCmax. The optimal value ofCmax can be obtained using the al-
gorithm in Desousky et al. (1990). DPB is structured so that the optimal value
function Fn = ((mint∈T t, ...,mint∈T t), (maxt∈T t, ...,maxt∈T t) is calcu-
lated between a least possible time points inT on the machines and greatest
possible time points inT . To achieveLex(Cmax,

∑
wjCj) andLex(Cmax,

∑
Tj),

we merely need to rewrite the optimal value function as
Fn = ((mint∈T t, ...,mint∈T t), (Cmax, ..., Cmax)).

In order to generate the set of pareto optimal points, we set the optimal value
functions to

Fn = ((mint∈T t, ...,mint∈T t), (t
′
, ..., t

′
)),∀t′

such thatCmax ≤ t
′ ≤ maxt∈T t.

Since the upperbound on the number of valuest
′

can take is O(n2), the
overall complexity of the algorithm is O(n2n3m+4) = O(n3m+6).

6. Conclusions and Future Research

In this paper, we consider bicriteria scheduling problems in an identical par-
allel machine environment where jobs have equal processing times and unequal
release dates. We use the framework provided by DPB of Baptiste (2000) and
the algorithm of Aneja and Nair (1979) to generate the efficient frontier for∑

Cj and
∑

Tj , and a subset of the efficient schedules for
∑

wjCj and
∑

Tj .
The efficient schedules are generated in running time that is polynomial given
the number of machines.

We also use DPB to generate the pareto optimal set for bicriteria problems
involving Cmax and either one of

∑
wjCj or

∑
Tj . This algorithm is also

polynomial given the number of machines.

Though we happen to discover the lexicographic points while generating
the efficient frontier for

∑
Cj and

∑
Tj , we are working to propose computa-

tionally more efficient algorithms, especially in cases where
∑

Cj is a primary
measure.

Our research is also focussed on bicriteria scheduling problems in the same
environment involving other criteria such asLmax and

∑
Uj and

∑
wjUj in

terms of lexicographic optimization, generation of the efficient frontier and the
set of pareto optimal schedules.
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Figure 1. Solutions in criteria space
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