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Lix, Cnrs, École Polytechnique, 91128 Palaiseau, France, sadykov@lix.polytechnique.fr

Among several other tasks, the radar of a fighter has to search, track and identify potential targets.
The waveforms used by the radar for each of these tasks are most often incompatible and hence,
cannot be processed simultaneously. Moreover, these tasks are repeated several times in a cyclic
fashion. Altogether, this defines a complex scheduling problem that impacts a lot on the quality
of the radar’s output. In [10], a formal framework has been defined for this real time scheduling
problem and we have introduced several techniques to compute efficient schedules for the radar.
In order to evalutate the quality of these schedules, we present in this paper, two algorithms that
compute high lower bounds for the problem. The first one is based upon a column generation
scheme, the other one consists in a relaxation of the time-indexed MIP formulation of the problem.
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1 Introduction

A radar is a system using radiowaves to detect the presence of objects in a given volume of space.
It can also compute the range (distance) as well as the relative radial velocity of these objects.
Airborne radars consist of a transmitter, a single antenna and a receiver. The transmitter generates
radiowaves which are sent out in a narrow beam by the antenna in a specific direction. Objects
located in the beam intercept this signal and scatter the energy in all directions. A portion of this
energy is scattered back to the receiver of the radar listening to all potential echoes. See [8] and
[9] for a detailed description of airborne radars.

Nowadays, most of the airborne radars have a mechanically steered antenna. With such anten-
nas, the beam is perpendicular to the antenna which is pivoting so as to direct the beam. This
paper is focused on recent radars with an electronically steered antenna (esa). An esa is a planar
array antenna made of many individual radiating elements. Unlike a mechanically steered antenna,
an esa lies in a fix position on the aircraft. The phase of the radiowaves is controlled electronically
so that the radar beam lights up the desired direction.

One of the key advantages of esa is that the beam is extremely agile. As it is not subjected to
the mechanical inertia of the antenna, it can be moved instantaneously from one part of the space
to another, even outside the search domain (Figure 1). Moreover, we consider that the radar can
switch instantaneously to an appropriate waveform.

The following tasks have to be achieved by an airborne radar.

• Research. The radar is sweeping across a domain to detect the potential presence of targets
inside.

• Tracking. The radar is closely monitoring the behavior of targets (initially detected at the
Research stage).
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Figure 1: Functions of esa Radars

• Data Link. The radar is used as a communication tool with other platforms.

• Calibration. The radar is performing cyclic calibration to ensure a high reliability level.

Research, Tracking, Data Link and Calibration require incompatible waveforms. So all corres-
ponding tasks have to be scheduled to ensure they do not overlap in time. Moreover, Research,
Tracking, Data Link and Calibration tasks have to be repeated in a more or less regular fashion.
The execution of any single radar operation is called a dwell. Depending on the task, the perio-
dicity constraint between dwells of a same type can be extremely important or not. For instance,
as it is absolutely forbidden to loose a tracked target, tracking dwells have to be repeated with
high regularity. Likewise, data link dwells are played at regular intervals, but there, the regularity
constraint is much higher. Finally, to ensure a surveillance of great quality, in any circumstances,
the radar has to play at least a minimum amount of research dwells.

It results from the use of only one device for all radar functions certain limitations. For instance,
as different dwells cannot be played at the same time, while the radar is used in tracking mode, the
pilot has no knowledge of the evolution of the tactical situation, that is new targets coming and so
on. Also, the more targets to track, the less time for the search. Thus, the problem is how to use
the radar time ressources to keep at best the whole situation awareness. We are interested with the
scheduling of the dwells to make the radar more efficient while meeting the constraints unformally
described above.

Barbaresco [1] describes a strongly related framework: Tasks are scheduled on a frame duration
and are executed while the next schedule is computed. To schedule the tasks, Barbaresco associates
deadlines to tasks and uses a heuristic called edf (earliest deadline first). If one of the most
important tasks is completed after its deadline then some tasks are removed of the system to
reduce the load and the scheduling procedure is run again. The empirical study led in [1] shows
that simple scheduling heuristics often improve the behavior of the radar.

The scheduling of the radar tasks can also be seen as a timing problem in which the tasks are
scheduled to minimize an Earliness-Tardiness criterion [6].

Another scheduling problem for radars is the problem of interleaving tasks corresponding to
receiving and sending data [7]. We study a situation where we do not have interleaving and both
the sending and the receiving tasks are modeled as a unique task.

We have proposed in [10] a formal model based on cost functions that describes the problem.
This model allows one to associate a cost, i.e. a score, to the schedules and it has been used to
compare several scheduling heuristics. It has also been used to compute lower bounds to estimate
the quality of our solutions. This paper focuses on the search of another lower bound by column
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Figure 2: Scheduling Constraints
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Figure 3: Typical Cost Functions for different jobs

generation. First, we re-introduce the model used in [10], adding some new notations. Then, we
present an ILP formulation for the problem and we explain how to solve it by a column generation
method. Further, we recall how we have computed time-indexed lower bounds in [10] and finally,
we compare our experimental results to the column generation method.

2 Notations

We define a “job” as a single radar function that must be repeated in a more or less strict manner.
A job is either the track of a given target or a data link or the “research”. As several dwells are
required to “execute” most jobs, a job consists of a set of non-preemptive “operations” which must
obey a kind of periodicity rule. As shown on Figure 2, jobs are not necessarily executed with strict
periodicity. The temporal gap between the two first operations of job 1 is greater than the gap
between the operations 2 and 3. This schedule is feasible if performance constraints are ensured.
The radar is seen as a single machine on which jobs have to be processed.

To model the problem, we associate cost functions δi to the distance between starting times of
consecutive operations of the same job i. They are V-Shaped, i.e. δi(x) = max(αi(li−x), βi(x− li))
where li, αi ≥ 0 and βi ≥ 0 are respectively the ideal distance between two starting times and the
penalty weights associated to a smaller (resp. larger) inter-distance. It derives from the penalty
weights that some operations have greater priorities than others at a one time.

For each kind of job i, we have defined, in collaboration with radar engineers, cost functions
features that fit real life scenario. An example of what cost functions can be is described Figure 3.

We are now ready to formally define the problem. Given n jobs 1, 2,..., n. Each job i is made
of n(i) consecutive and identical operations Oi1, ..., Oin(i) with integer processing time pi. For each
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job i, we have a penalty function δi associated to the distance between starting times of consecutive
operations. We are also given an integer H ≥

∑
i n(i)pi that represents the horizon of the schedule

(i.e., all operations have to be processed between 0 and H).
A set of starting times Sij defines a feasible schedule if and only if (1) operations start after or

at 0 and are not completed later than H and (2) operations do not overlap, i.e., for any pair of
operations Oij , Oi′j′ , Sij+pi ≤ Si′j′ or Si′j′+pi′ ≤ Sij. The cost associated to the schedule is exactly

the sum over all jobs i of
∑n(i)−1

u=1 δi(Siu+1 −Siu). The scheduling heuristics in [10] aim to compute

the optimal schedule for the radar, that is the schedule that minimizes
∑n(i)−1

u=1 δi(Siu+1 − Siu).
Note that, in practice, the problem is solved continuously and the schedule followed in the past

interacts with the schedule under construction. Stated another way, many jobs have been started
a long time ago. This feature does not change the combinatorial structure of the problem and to
keep things simple, we omit all details about it.

In order to compute lower bounds by column generation, we use some additional notations :
For each job i, we enumerate all the possible schedules. Schik is the kth possible schedule for job

i, that is for i and k given, the starting times of all the operations of job i are known. The number
of possible schedules for job i is denoted si and si = Hr!

n(i)!(Hr−n(i))! , where Hr = H − pi + 1. The
cost to play Schik is costik. costik can be computed thanks to the cost functions δi defined above.
We also define a binary variable Xik that equals 1 if the schedule Schik is followed, 0 otherwise.
Finally, we define the following function: δ(i, k, t) equals 1 if Sik is active at time t, 0 otherwise.

3 ILP Formulation

The scheduling problem can be written as an integer linear program : ILP minimizes the summation
of the costs of all the jobs in the sequence, making sure jobs do not overlap in time (1st set of
constraints) and that one and only one schedule is performed for each job i (2nd set of constraints).

(ILP) :min

n∑

i=1

si∑

k=1

costikXik

s.t.






∀t,

n∑

i=1

si∑

k=1

δ(i, k, t) · Xik ≤ 1

∀i,

si∑

k=1

Xik = 1

∀i,∀k,Xik ∈ {0, 1}

To compute lower bounds by column generation, we consider the relaxation (ILPR) of (ILP ). For
convenience matters, equation (2) has been changed in an inequality greater or equal than, which
is equivalent, as it is a minimization problem.

(ILPR) : min
n∑

i=1

si∑

k=1

costikXik

s.t.






∀t,−

n∑

i=1

si∑

k=1

δ(i, k, t) · Xik ≥ −1

∀i,

si∑

k=1

Xik ≥ 1

∀i,∀k, 0 ≤ Xik ≤ 1
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To this point, we have stated the problem as a linear program with a great number of variables,∑n
i si. As the problem has many variables (columns) but relatively few constraints (H +n), column

generation may be beneficial. The idea is that the linear program is too large to consider all the
variables explicitly. Since most of the variables will be zero in the optimal solution, only a subset of
variables needs to be considered when solving the problem. Column generation allows to generate
only the variables that are required to decrease the objective function. i.e. to find variables with
negative reduced cost. (see [4] for an introduction to column generation).

In order to characterize the optimal solution, we write the dual problem which is used to
identify a new variable. This problem is known as the Pricing Problem and it is developed in the
next section.

4 The Pricing Problem

Let Zt and Yi be respectively the dual constraints associated to the first and the second set of
constraints of ILPR. The dual of ILPR is :

(DUAL) : max
n∑

i=1

Yi −
H−1∑

t=0

Zt

s.t.






Yi −
∑H−1

t=0 δ(i, k, t) · Zt ≤ costik 1 ≤ i ≤ n, 1 ≤ k ≤ nsi

Zt ≥ 0 0 ≤ t ≤ H − 1
Yi ≥ 0 1 ≤ i ≤ n

In order to be practical, we must be able to solve the pricing problem. We obtain dual prices for
each of the constraints of the relaxed problem ILPR. Given that set of dual values, if a constraint
of DUAL is violated, then a variable with negative reduced cost has been identified in ILPR. This
variable is added to ILPR. ILPR is solved again to generate a new set of dual values. The process is
repeated until no negative reduced cost variables are identified. When all the constraints of DUAL
are satisfied, the solution of ILPR is optimal.

Thus, we have some given (fixed) values for Yi and Zt and we are looking for a constraint

Yi −

H−1∑

t=0

δ(i, k, t) · Zt ≤ costik

that could be violated. Stated in scheduling terms, this means that, for all i, we are looking for a
schedule of job i (i.e., an index k ≤ si) that minimizes

costik +

H−1∑

t=0

δ(i, k, t) · Zt. (1)

We build such a schedule by dynamic programing. Let j be the number of operations of job
i that still have to be scheduled. Let Pi(j, t) denote the minimal cost of the schedule of the last
n(i) − j + 1 operations of job i assuming that the last (n(i) − j + 1)th operation is completed at
time t.

It is obvious that the first operation of job i to be scheduled has the minimum value of
min0≤t≤H Pi(1, t). If the jth operation is assumed to complete at time t, then operation j + 1 must
complete at some time t′ that is more or equal to t+pi. Let us also define Z(i, t) =

∑t+pi−1
θ=t

Zθ and
Fi(t

′− t) the cost introduced by the gap between two consecutive operations of job i. Now, we have
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the following recursion that defines the minimum cost of the schedule such that the completion
time of operation j

Pi(n(i), t) = Z(i, t),

Pi(j, t) = Z(i, t) + min
t+pi≤t′≤H

{
Fi(t

′ − t) + Pi(j + 1, t′)
}

, ∀j < n(i).

Using the recursion above, this value can be found in O(n(i)·H2) time, which could be improved.
But there is a way to solve the pricing problem faster using the structure of the objective function
Fi.

Consider again job i. Note that values Pi(n(i), t) for all the time moments t can be computed in
O(H) time. Suppose now that we know the values Pi(j + 1, t), j < n(i), t ≤ H. Then, we compute
the following values for all time moments t.

ai(j, t) = argmin
0≤t′≤t

{
αi(t − t′) + Pi(j + 1, t′)

}
,

bi(j, t) = argmin
t≤t′≤H

{
βi(t

′ − t) + Pi(j + 1, t′)
}

.

This can be done in O(H) time using the following recursion, ai(j, 0) = 0, bi(j,H) = H, and

ai(j, t) =

{
t, Pi(j + 1, t) < P (j + 1, ai(j, t − 1)) + αi · (t − ai(j, t − 1)),
ai(j, t − 1), otherwise,

bi(j, t) =

{
t, Pi(j + 1, t) < P (j + 1, bi(j, t + 1)) + βi · (bi(j, t + 1) − t),
bi(j, t + 1), otherwise.

Let d′i equal max{di, pi}. Using the values ai(j, t) and bi(j, t), the main recursion can be rewrit-
ten in the following way.

Pi(j, t) = Z(i, t) + min
{
A,Fi(bi(j, t + d′i) − t) + Pi(j + 1, bi(j, t + d′i))

}
, (2)

where A =






+∞, pi ≥ di,

Fi(ai(j, t + di) − t) + Pi(j + 1, ai(j, t + di)), pi < di and ai(j, t + di) ≥ t + pi,

min
t+pi≤t′<t+di

{
Fi(t

′ − t) + Pi(j + 1, t′)
}

, pi < di and ai(j, t + di) < t + pi.

Then, the theoretical complexity of the pricing problem for job i is reduced to

O
(
n(i) · H · max{1, di − pi}

)
. Moreover, in practice, the resolution of the pricing problem for all

the jobs is computable in O(nH) time if one uses the updated recursion (2). Experiments have
shown that the time needed to solve the pricing problem is negligible in comparison with the overall
running time of the column generation algorithm.

For each job i, we check whether the minimum value of (1) is less than Yi. If it is, we add to
ILPR the column which corresponds to the schedule which minimises (1). If mink≤si

{(1)} ≥ Yi for
all i, an optimal solution of ILPR is found. The value of this solution gives us a lower bound on
the optimal solution of the radar problem.

5 Computing Lower Bounds by relaxing a Time-Indexed MIP

Let Xijt be a binary variable which equals 1 if Oij is played at time t, 0 otherwise. The optimal
total minimum cost of the schedule can be computed by the Mixed Integer Linear Program below.
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The first two constraints are due to the cost functions, The following one links the starting times
to the Xijt variables. The three next ones ensure respectively that each operation is scheduled at
some time point, that precedence constraints between operations are met and finally that over all
operations, only one can start at a time.

min
n∑

i=1

n(i)∑

j=2

Wij






Wij ≥ αi(li − Sij + Sij−1) 1 ≤ i ≤ n, 2 ≤ j ≤ n(i)
Wij ≥ βi(Sij − Sij−1 − li) 1 ≤ i ≤ n, 2 ≤ j ≤ n(i)

Sij =
∑H−1

t=0 tXijt 1 ≤ i ≤ n, 1 ≤ j ≤ n(i)
∑H

t=0 Xijt = 1 1 ≤ i ≤ n, 1 ≤ j ≤ n(i)
Sij + pi ≤ Sij+1 1 ≤ i ≤ n, 1 ≤ j ≤ n(i)
∑n

i=1

∑n(i)
j=2

∑t
t′=t−pi+1 Xijt′ ≤ 1 1 ≤ i ≤ n, 1 ≤ j ≤ n(i), 0 ≤ t ≤ H − 1

0 ≤ Sij ≤ H − pi 1 ≤ i ≤ n, 1 ≤ j ≤ n(i)
0 ≤ Wij 1 ≤ i ≤ n, 2 ≤ j ≤ n(i)
Xijt ∈ {0, 1}, integer 1 ≤ i ≤ n, 1 ≤ j ≤ ni, 0 ≤ t ≤ H − 1
Si0 < 0, known 1 ≤ i ≤ n

The program gives the optimal solution but runs with prohibitive computation time Still, this
program allows us to compute lower bounds by relaxing the integrity of the binary variable Xijt,
that is making the variables Xijt real.

6 Experimental Results

Together with Thales engineering department, we have generated 25 instances that represent real
life situations. The total number of operations varies from 44 to 96, the load of the radar varies from
45% to 100 % and the slopes of the cost functions α and β have been chosen to model different kind
of situations. The local search and time-indexed experiments have run on DELL Latitude D600
laptop running Linux with the GNU Linear Programming Kit [2] as a LP solver while the column
generation method has been run with Cplex [3]. For the local search, the run time has been limited
to 1.5 second.

In any case, the column generation method has provided an upper lower bound than the time-
indexed method. Let us consider the twelve instances up to 83 operations. We have obtained the
same results with the local search and the column generation (respectively time-indexed) lower
bound on 9 instances out of 12 (respectively, 2 out of 12). Thus, for those instances we know we
have reached the optimal solution both with the scheduling heuristic and the lower bound. By
looking at the thirteen instances with more than 91 operations, we have noticed that the local
search doesn’t run long enough to obtain as good results.

For a given instance, we denote by TI the value of the time-indexed lower bound and CG the
column generation one. We have computed (TI/CG)*100 and (CG/LS)*100 for all the instances.
The mean of the results in percentage appear in the comparative statement below.

Number of operations Number of Mean of Mean of
per instance instances (TI/CG)*100 in % (CG/LS)*100 in %

≤ 83 12 0.960 0.795
≥ 91 13 0.858 0.206
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7 Conclusion

In this paper, we have proposed two methods to compute lower bounds for the radar scheduling
problem. These approaches have been tested on a set of instances close from real life scenariosẆe
have shown experimentally that the column generation algorithm provides stronger lower bounds
than the linear programming relaxation of the time-indexed formulation of the problem. The lower
bounds obtained have allowed us to evaluate the quality of the local search algorithm presented
in [10] to schedule the tasks of the radar. It has been shown that it performs very well when the
convergence time choosen for the algorithm fits the number of operations of the test instances.
Thus, for a half of these instances, the optimality of the solutions found has been proved. However,
for the test instances with more than 90 operations, the gap between lower and upper bounds
known is still high. In the future, we hope to reduce this gap both by improving the local search
algorithm and proposing methods to tighten lower bounds.
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