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In this paper, we present new classes of lower bound for the one-dimensional bin packing problem, 
we prove that the worst-case asymptotic performance ratio of this bound is 3/4. Extensive 
numerical experiments show that this new bound outperforms the best lower bounds from the 
literature. 
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1.  Introduction 
The bin packing problem can be defined as follows: Given a set L of n items i, with sizes wi, for 
any (1 ≤ i ≤ n) and a set of identical bins with capacity C, with an objective to determine the 
minimal number of bins necessary to pack all the items, so that the sum of the volumes of the 
items in the same bin does not exceed the capacity of the bin. The problem has many real-world 
applications (for example in cutting stock or when loading trucks subject to weight limitations). 
This problem is known to be NP-hard in the strong sense see Garey and Johnson [11]. 
Consequently, various researches on this problem have mainly focused on the development of 
polynomial time approximation algorithms. For an exhaustive survey of this area, the reader might 
refer to Coffman et al [4]. Only a few papers have been devoted to the development of exact 
algorithms. This work includes the branch and bound algorithm of Martello and Toth [12] and 
Scholl et al. [14]. In order to get a high performance of such algorithm, it is desirable to have fast 
lower bounds. There exist several lower bounds for the BPP. 
Two types of lower bounds can be developed for the BPP: constructive and destructive bounds. A 
simple constructive bound is the sum of size of items divided by the size of bin; this bound is 
called LB1. This approach also includes the lower bounds (LB2 and LB3) proposed by Martello and 
Toth [12] and the bound based on the Dual Feasible Functions developed by Fekete and Schepers 
[9]. Destructive bounds are derived in the following way. Starting with a hypothetical lower bound 
LB, an attempt is made to obtain contradictions to feasibility. If the method provides that there 
isn’t a feasible solution with a number of bins smaller than or equal to LB, then LB+1 is a valid 
lower bound value. This approach was used by Alvim et al. [1] and Haouari and Gharbi [10]. 
The goal and the main contribution of this paper is to develop new constructive bound for the BPP. 
The performances of the new bound are analyzed, both analytically and computationally. 
The following part of paper will focus on a review of the best existing lower bounds for the BPP in 
Section 2. In Section 3, we introduce a new class of bounds; we prove that the worst-case 
asymptotic performance ratio of the proposed bound is 3/4. In section 4, we give the computational 
results which illustrate the effectiveness of the proposed bound. Finally, Section 5 contains some 
concluding remarks. 

2.  Lower bounds  
In this section we recall a review of some well-known linear-time lower bounds for the BPP. 

Definition 2.1. Let L be an instance of the problem. LB a lower bound for a minimisation 
problem, and OPT(L) denotes the optimum value of L. The absolute worst-case ratio and 
asymptotic worst-case ratio of LB(L) are respectively defined by: 

( )( ) sup ( )
LB Lr LB LOPT L

⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

= ∀ , ( )( ) lim sup   with  ( )( )
LB LB L OPT L sOPT Ls

⎧ ⎫⎪ ⎪r L = ⎨ ⎬
⎪ ⎪⎩ ⎭

∀ ≥∞ →∞
. 
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Let L=(x1,….., xn) be a BPP instance. A simple bound for the BPP is LB1(L), this bound is obtained 
by relaxing the constraint witch shows that the items are indivisible: 
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The bound LB1(L) can be computed in O(n) time and it has a worst case performance ratio of 1/2.  
A better bound was introduced by Martello and Toth [12] by partitioning the set of items into three 
subsets  L1(α) , L2(α) and L3(α)  based on the parameter  α ∈[0, C/2],  as follows . 
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LBMT(α ,L) presents the number of bins necessary to pack the three subsets of items:  
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The bound LB2(L) is obtained from the maximal value of LBMT(α ,L) for α ∈[0, C/2]. 

[ ]2 0, /2
( ) max ( , )MT

C
LB L LB L

α
α

∈
=  

Martello and Toth [12] have proved that this bound has an asymptotic worst-case ratio 2 /3 and it 
can be computed in O(n) time if the items are sorted by non-increasing volumes. 
Fekete and Schepers [9] propose a new approach based on dual feasible function, to obtaining a 
new lower bound for bin packing problem. A function u: [0,1]→[0,1] is called dual feasible, if for 
any finite set S of non-negative real numbers, we have the relation 1 (

x S x S
x u

∈ ∈
) 1x≤ ⇒ ≤∑ ∑ . 

Let u be a dual feasible function and let L=(x1,….., xn) be a BPP instance. The lower bound 
obtained from the transformed BPP instance u(L)=(u(x1),….., u(xn)) is also a lower bound for L. 
The new lower bounds can be obtained by applying the same lower bound on the 
transformed BPP instance u(k)(L) where :                      

( )
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( ) ( )
2 2( ) ( ( ))k kLB L LB u L=  

Fekete and Schepers [9] have proved that has an asymptotic worst-case performance of 
3/4 and can be computed in O(n) time if the items are sorted by non-increasing volumes. 

( )
* ( )pLB L

Alvim et al. [1] propose the bound  inspired from the work of Dell’Amico and Martello 
[7]. This bound can be presented as follows: 

( )LB Lϑ

Let  
1,....., 1
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n
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be an upper bound to the number of items per bin for any feasible solution with LB bins. 

Theorem 2.1.  
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is a lower bound to the number of items per bin for any feasible solution with LB bins. 
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Theorem 2.2.  Let  be a lower bound to the number of bins.  LB

. 1
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LBϑ  is an improved lower bound to BPP, where 
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 and { }max ( . ),0LB LB n LBϑ ϑ= − −  

3.  The new lower bound 
In this section we present a new lower bound called  2 ( )LB Lθ

Proposition 3.3. Let L be an instance of the BP problem and 1≤ k ≤θ,  k∈ , then ψ(k) is an 
upper bound to the number of bins containing a number of items larger than or equal to k. 
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Proof. If  ∑ , then any item with a size larger than or equal to wn-q cannot be 

packed into a bin containing k  items only if this bin contains at least one item with a size smaller 
than wn-q. 
Thus, for any feasible solution of L  

max ;
n q

q w
−⎧ ⎫

≤∑   

is an upper bound to the number of bins containing a number of items larger than or equal to k. 
Let ki ≥ k, the maximal number of bins having a number of items larger than or equal to k is 

bounded by   
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Theorem 3.4. Let L be an instance of the BP problem andθ  the maximal number of items per 
bin, then 

. ( )n kθ θψ−⎡( ) ( )
1

LB L kψ
θ

⎤= + ⎢ ⎥−⎢ ⎥
 is a lower bound to the optimum value of L. 

Proof. Let m be the number of bins containing a number of items equal to θ  in the optimal 
solution of L and m’ the remaining bins of this solution. 

We have .n mθ−⎡ ⎤'
1

m
θ

≥ ⎢ ⎥−⎢ ⎥
. 
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Proposition 3.5.  The computation of LBθ(L) requires O(n) time for pre-sorted items. 

Proof.  Let  
1
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For any value of θ, it is easy to say that if  θ  is valid then q* ≥ 1, therefore to compute q*, we can 
start from q=2. We have − − + − += − − + = − − +

= + −∑ ∑ , these imply that the 

computation of q* requires a constant number multiplied by q*. We have θ ≤ n and q*≤ n, which 
makes the computation of q* require O(n) time for computing θ and O(n) time for computing q*. 
Then ψ(θ) is computed in O(n) time. 

So, . ( )nθ ( ) ( )
1

LB L θψ θ−ψ θ
θ

⎡ ⎤= + ⎢ ⎥− ⎥
 can be computed in O(n) time. 

⎢
In what follows, we present a refinement of the above lower bound LBθ(L). Similar to the bound 
LB2(L), our bound is based on a partition of the set of items into two subsets L1(α) and L4(α), 
where 
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Proposition 3.6.  The computation of  requires O(n) time for pre-sorted items. 

Proof. Martello and Toth[12] have proved that all the updating of LB1(L4)  can be computed in 
O(n) time, then it suffices to prove that all the updating of LBθ(L) can be computed in O(n) time. 
To compute { }: /iw C≤ 2i iw Lα = ∈

2 ( , )Lθ

α , we consider the α values which are limited by . 

Let θ(αi) be the value of the maximal number of items per bin associated to αi, θl the set of values 
of the maximal number of items per bin obtained during the computation of LB α  with 

 and θ1 ≥…≥θl ≥θl+1 ≥…≥θr. 1,...,l r

n n q− −

=

*

0,..., 1
max ;

l

l l
l l

l jq n n j n n q
q q w C

θ θ= − −
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Let nl be the number of values taken by αi decremented by 1, obtained directly after the passage 
from θl+1 toθl  
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Computation of all the updating of maximal number of items per bin associated to αi 
Let θ(αi) = θl, 
If   *

l li n q− ≤
then 1( ) ( )i iθ α θ α −=  
otherwise we have to compute the new value of ( )iθ α  
if *

l lq θ≥ ,  

the computation of 1lθ +  would begin from the item with index *
1

l
ii

q
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r r
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qθ
= =

≤∑ ∑ 1 l
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r
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q
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r
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through  and the addition of items which goes from  
ln nw − *

1 1l l ln n q
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then the computation of the value 1lθ +  requires a subtraction of the items going from  to 
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Computation of maximal number of bins for any value of iα    
We have 
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this implies that, ( ( ))iψ θ α  can be computed in linear time. 
if 1( ) ( )i iθ α θ α −< , 
then, to compute , we consider the set of items used for computing *

lq lθ  and we start with * 2lq = . 
We have proved in Proposition 3.3 that the computation of  requires a constant number 

multiplied by , we have , these imply that 

*
lq

*
lq *

1

r
ll

q
=

≤∑ n ( )ψ θ  can be computed in a linear time for 

all the updating. Then, the computation of  requires time for pre-sorted items. 2 ( )LB Lθ (O n)

Theorem 3.7. Let L be an instance of the BP problem with the size of items larger than . 
Then,  

/ 3C
2 ( ) ( )LLB OPT Lθ =

Proof. 
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 Figure 1: Normal form of an optimal solution for a BPP instance with sizes  / 3iw C>
 
Let   be the number of bins of optimal solution and ( )m OPT L= 2θ =  the maximal number of 
items per bin. 

If 
2
nm = ,  

then for any value of 0α = , we have  

 4
2 1( ) 0 ( )

2
L nLB L L m OPT Lθ

θ
⎡ ⎤

≥ + = + = =⎢ ⎥
⎢ ⎥

. 

If 
2
nm > , 

then, there exists at least one item 1m qw + + which cannot be packed with any other item having a size 
larger than for any feasible solution with  bins. Then, for any value of  / 2m qw C− >

q

m

mC wα −= −  , we have 

4
2 1

(( 1) ( ) 1)1 (
2

L m q m qLB L m q m OPT Lθ

θ
⎡ ⎤ + + − − +

≥ + ≥ − − + = =⎢ ⎥
⎢ ⎥
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Then, 2LBθ  is optimal for any solution with the items’ sizes larger than   / 3C

Theorem 3.8.  

2( )r LBθ
∞

3  =
4

Proof. Let be the sub-set of items with a size  . Crainic and al.[5] have proved 
that for a given value of ,

'L L∈ /iw C k>
1k > k∈ and for a lower bound LB of the BPP, if 

( ') ')(LB L =OPT L , ( ) ( ')LB L ≥ LB L  and 1( )( )LB L ≥ LB L , the asymptotic worst-case ratio of 
 is  LB

( ) kr LB = . 
∞ 1k +

Then, it suffices to prove that . 2 2( ) ( ')LB L LB Lθ θ≥

/ 3 / 3C
We have proved in Theorem 3.7 that the optimal solution of any instance with the size of items 
larger than C  can be reached from the value of m qC wα −= − > . 

For any value of / 3Cα > , we have ( , ) ( , ')MT MTLB L LB Lθ θα α= then, 
 2 2 ( ')LB LB Lθ θ=( ) ( ')L OPT L≥

Thus, 3
2 4( )r LBθ

∞ = . 
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4.  Computational results   
A computational experiment was conducted to evaluate the performance of the proposed new 
lower bounds. The algorithms were coded in C++, and the computational experiments were run on 
a PC Pentium IV, 3.2 GHz Personal Computer with 512 MB RAM. 
The class of problems is generated in a similar way to the instances described by Fekete and 
Schepers [9].  For a given number n of items, the sizes were generated randomly with uniform 
distribution on the sets S1 ={1,…,100}, S2 ={1,…,90}, S3 ={1,…,80} , S4 ={20,…,80} , S5 
={20,…,70}, for the container size C=100. 
We consider instances with 32, 100, 316, and 1000 items. One thousand random instances are 
generated for each problem class and number of items. 
We measure the quality of bounds according to the number of improved instances and the total 
gaps in the number of bins. Let “imp” and “gap” be respectively the number of instances improved 
by LB from LB’ (LB/LB’) and the total gaps obtained by LB-LB’. 
We define a new bound by exploiting the dual function proposed by Fekete and Schepers [9] 
which is as follows: 

[ ]
{ }{ }( )

2 20,
( , ) ( ), max ( )max k

FS k p
LB L p LB L LB uθ θ

∈
= θ

0)

. 

 
 
 

Table 1: number of improvements and total gaps in the number of bins for 1000 instances

 
Table 1 shows the results obtained by applying the bounds , , and 

on the class of problems. We note that these bounds outperform respectively the 
bounds , , nd .  Table 2 reports the average CPU time (in 10-3 
s) necessary to compute the different bounds. We note that 

2 ( )LB Lθ ( ,20)FSLB Lθ ( ,5FSLB Lθ

( ,100)FSLB Lθ

2LB ( )L (20)
* ( )LB L (50)

* ( )LB L a (100)
* ( )LB L

( )LLBϕ

2 2( ) / ( )

 is a very fast bound which 
provides high quality bounds under an acceptable computational effort. 

 
  LB L LB Lθ (20)

*( , 20) ( )/FS L LLB LBθ
(50)
*( ,50) ( )/FS L LLB LBθ

(100)
*( ,100) ( )/FS

  L LLB LBθ  

  imp gap imp Gap imp gap imp gap 
32 90 90 169 169 169 169 167 167 
100 53 54 111 112 101 102 99 100 
316 70 86 151 176 112 141 110 139 1 100 

1000 183 243 356 755 109 156 126 173 
          

32 96 96 192 192 189 189 185 185 
100 59 64 115 115 100 101 99 100 
316 54 68 155 187 114 149 117 152 1 90 

1000 121 184 294 612 113 192 115 194 
          

32 65 65 153 153 151 151 151 151 
100 33 39 53 53 68 69 66 67 
316 9 18 19 23 35 47 36 48 1 80 

1000 0 0 0 0 19 22 18 21 
          

32 67 67 153 153 158 158 154 154 
100 54 59 116 117 108 115 105 112 
316 113 147 252 370 146 199 151 204 20 80 

1000 221 373 492 1437 104 159 114 169 
          

32 54 54 67 67 73 74 73 74 
100 12 16 14 14 20 22 19 21 
316 1 1 1 2 1 3 2 4 20 70 

1000 0 0 0 0 0 0 0 0 

 
 

 
240

MISTA 2007



Table 2. Average CPU time (in 10-3 s) 
 

 

* LB2 
(20)LB  (50)

*LB  (100)
*LB  

2 ( )LB Lθ  (20)LBθ  
FS FS FS(50)LBθ  (100)LBθ  

32 0.0231 0.761 1,3282 4.3246 0,0468 1,2134 3,3158 6,7622 
100 0,0372 1,8054 3,6428 9,4381 0,0776 2,9182 7,7444 17,3302 
316 0,1412 4,9798 12,1334 25,9674 0,2564 9,1594 26,1022 50,553 
1000 0,3941 20,5464 37,9156 123,495 0,7016 30,2448 77,0992 138,879 

 
 

 

 

5.  Conclusion 
A new lower bound for the bin packing problem is presented. We have proved that this bound has 
an asymptotic worst case ratio of 3/4. The computational results have proved the effectiveness of 
this proposed bound to obtain the best results among existing lower bounds. The new bounds are 
easy to be implemented and often provide high quality bounds under an acceptable computational 
effort. 
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