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Scheduling problems that involve distance constrained tasks with repetitive requests are enjoying
an increase in popularity in real time system design. Timing constraints defined by periods of fixed
lengths for each task enforce some frequency of task execution. Alternatively deadlines could be
specified relatively to the finish time of the previous execution of the same task. Hence, the sched-
uling algorithms deal with tasks that virtually consist of infinite chains of jobs with specified tem-
poral distance constraints between each pair of adjacent jobs. In this paper, unlike approaches that
consider a preemptive distance constrained task scheduling subject to minimize time distance be-
tween task execution, we consider a problem of non preemptive tasks systems with objective to re-
duce processor utilization while keeping the response times within their limits. As a consequence,
free processor capacity remains to process aperiodic tasks. Moreover, as a side effect, the way the
tasks get scheduled to obtain mnimal processor utilization results in jitter reduction improving sys-
tem stability.
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1. Introduction

In real-time systems for controlling some environment such as facilities, power plants, and as well
in embedded systems for mechatronics applications, there are generally many processes that must
be executed repeatedly. The specification for such processes contains several conditions including
the pace at which a process has to be performed periodically, or, similarly, the requirement of a re-
peated processing guided by a given maximal time lag. One of the first results for scheduling pre-
emptive periodic tasks was the fundamental paper of Liu and Layland [23]. A periodic task in this
context is a computation that has to be performed repeatedly; the time axis is partitioned in equal
length intervals, and in each interval one task instance is processed. Since then a lot of work has
been invested to study variations of the original problem, cf. [1].

The periodic task model is the common choice in today’s commercial real time systems; mostly
based on fixed priority schemes they are suited for many applications. However, there are situa-
tions where absolute periods do not fully capture the nature of the environment; at that point rela-
tive schemes come into play.

There are many approaches documented, Chen et al. [3] assume periodic tasks together with the
additional, as they call it, relative timing constraints, a low and high jitter for the distance between
two consecutive jobs. Other generalizations regard processing times. Mok et al. [24] consider a
multiframe model where the tasks are instantiated periodically, but with different execution times
in each interval. The model discussed in [9, 5] assumes the periodic execution of a set of tasks with
precedences and relative timing constraints in form of min/max conditions between start and finish
times of any two instances. Furthermore, upper and lower bounds for job execution times are as-
sumed. A similar model is end-to-end scheduling, as considered e.g. by Gerber et al. [13, 14, 15],
which deals with the scheduling of sets of tasks with precedences, deadlines, various constraints,
and communication delays. Another model modification is discussed in [6] where repeating proc-
esses are considered, and the time between the processes is determined at each iteration step by a
so-called dynamic temporal controller. In [4], Choi and Agrawala distinguish between static peri-
odic processes and processes arriving dynamically (called aperiodic or sporadic). Aperiodic tasks
are characterized by a given arrival time, a release (or ready) time, a deadline, and a worst case
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execution time. Multiple instance tasks which are divided into periodic tasks and sporadic tasks are
repeatedly invoked. The behavior of the classical periodic model in presence of aperiodic tasks is
analyzed in [2]. Aperiodic tasks without deadlines in dynamic priority systems are considered in
[26]. A sporadic task is characterized as a sequence of task instances (also called jobs). Between
two consecutive jobs executions there is a given minimum inter-arrival time 6, meaning that if an
instance is invoked at some time t, the next instance is invoked at any time t' satisfyingt' >t + &.
This way it is ensured that the frequency of sporadic occurrences is bounded above. It is assumed
that the sporadic tasks are included dynamically, i.e. on-line at run-time, into the schedule.

Many technical systems have distance constrained requirements and function in a temporal dis-
tance-constrained manner, rather than just periodically. Such a model is defined by Hun, Lin et. al.
in [20, 17]. In this model, the temporal distance between any two adjacent instances of the same
task is bounded by some given upper bound. Scheduling schemes, schedulability conditions, and
fundamental properties are given. Modifications of algorithms designed for periodic tasks systems
and for the pinwheel problem to schedule distance constrained tasks are presented.

Examples of special cases of relative timing constraints are task couplings as considered e.g. in
[15, 16, 25], where in any feasible schedule an upper bound gap, a lower bound gap, or an exact
gap between jobs of specified pairs are required. Krings et al. [22] also consider coupled jobs
where an upper bound for the gap is specified.

In this paper, we study a problem for distance constrained tasks on a single processor, and concen-
trate on the algorithms that minimize processor utilization. We show that the processor utilization
can be reduced considerably while the response times are still within their limits; hence, the proc-
essor has more free capacity to process sporadic tasks. As a side effect, the way the tasks get
scheduled to obtain minimal processor utilization results in jitter reduction improving system sta-
bility.

The paper is organized as follows: The following section introduces the model, specifies notation,
and formulates the problem. Next, we present closely related models and transfer complexity is-
sues. Then, simulation results are presented showing that processor utilization in the distance con-
strained model tends to be smaller than in the corresponding periodic model. As a theoretical re-
sult, exploring the border to intractability, we show a polynomial time solution for the two-task
problem with zero release times that minimizes processor utilization. The last section addresses the
summary and outlook on further problems left open for future research or being subject of work in
progress.

2. Model and Problem Formulation

We consider the problem of non-preemptively scheduling sets of tasks on a single processor, each
task representing an unbounded chain of task instances (or jobs) with relative release times and
deadlines.

Distance Constrained Task Model

Given a set of tasks T = {T4, ..., T}, we assume that they are independent of each other. Each task
T; (1 <j <n) is characterized by a triple of parameters, (p;, r;, d;): processing time p;, release time
r;, and deadline d;. For a given task we assume that all its instances have the same processing time
and relative timing constraints. A task T; is the representative of a job sequence of unbounded
length, T, = (T;,%, T;,%, ... ), where the jobs are chain-dependent (T;," < T;,> < ...). We use the same
notation for jobs as for tasks, but enhanced by the instance number. We say that two task instances
Tj,i and T; " are coupled by relative timing constraints (relative release time and relative dead-
line) in the following sense: if T; ,icompletes at time cj,i, then the next instance, T; ,M, must not

start before time ¢;,' + r;, and complete not later than ¢;,' + d; . Observe that d; > r; + p; for feasibil-
ity reasons. The values r; and d; are referred to as relative release time and relative deadline, re-
spectively.

Problem Formulation

We assume that the problem of scheduling a given set of tasks is deterministic, i.e. that all timing
parameters (processing times, relative release times and deadlines) are known and specified in ad-
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vance, so that a schedule can be constructed off-line. The objective is to schedule the tasks non-
preemptively on a single processor. Without loss of generality it is assumed that all time parame-
ters are integers. For convenience reasons we omit the word “relative” and use the terms release
time and deadline instead of relative release time and relative deadline, respectively. To define a

reference point (offset) for the release times and deadlines of the first job Tj, 1 of each task Tj, we
assume that it is set to 0.

A non-preemptive schedule for a set of tasks T = {T1, ..., Tn} on a single processor can be de-
scribed by a sequence of jobs and idle intervals. For example, the sequence (T j ,l, Ik, Tj ,2, Ik,
... ) represents the schedule where the first instance T j ,1 of task Tj is followed by an idle interval

(idle "instance") of length k, then followed by the second instance T j ,2, etc. To simplify notation
we just specify it by the corresponding sequence of tasks with idle intervals (Tj, Ik, Tj, Ik, ...).
Since each task has an unbounded number of jobs, the schedules are of infinite length. On the
other hand, if a feasible schedule for a given set of tasks exists, there will also be one with cyclic
behavior that can be described by a job sequence of finite length (cf. [FC02], Th. 2.1; [10], Th.
27.1). A partial schedule is referred to as a sequence of jobs (and idle intervals between them) of
finite length. The concatenation of partial schedules S1 and S2 is denoted by S1S2. If S is a partial
schedule, S ,— denotes the schedule obtained by infinite repetition of S. We say that S is a generat-
ing sequence of S ,—. To check the feasibility of a schedule it is easy to see that it suffices to check
the feasibility of a partial schedule. In this paper, we consider the following problem: If a feasible
solution exists, find a schedule that minimizes processor utilization.

3. Related Models

In this section, we briefly describe the relation of the DC model with closely related scheduling problems.

Comparison with Periodic Task Model

If we consider distance constrained (DC) tasks in a periodic paradigm, the period must be chosen
such that the time lags between succeeding instances of the task never exceed d; — p;. The period 7
in a corresponding task system then calculates to 7; = (p; + d;)/2 . This follows from the fact that it
may happen that one instance is processed at the beginning of a period, and the next one at the end
of the following interval. When comparing the processor utilization by task T; we get: in the peri-
odic task model: py/7; = 2p/(p; + d;), and in the DC model: p; /d;, assuming maximum gaps p; — d;
between the instances.

Comparing the processor loads we see that in the periodic model the processor utilization is up to
2dj/(pj + dj) times larger than in DC model, or almost a factor of 2 more in case of small process-
ing times. The following example illustrates this fact. Table 1 specifies five tasks with processing
times and distance constraints. The last line shows the periods as calculated from the equation for
7.

T1 To T3 Ty Tg
p1 5 3 7 4 8
d1 93 77 55 42 44
m 49 40 31 23 26

Table 1. An example task set with distance constraints and corresponding periods
In the periodic model, the processor utilization is U™ := X p; /7 = 0.88 . Notice that neither a pre-
emptive nor a non-preemptive periodic schedule exists. In the DC model, X p;/d; = 0.50 is the
lower bound for the utilization UP€ and, hence, named also in the literature the total density of
task set.
An example of a feasible non-preemptive schedule with DC is
(TyTs Ty Ty lygTs Ta Ty Ty 1ys, ) (executed cyclically), following notations of
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the section 2, with U™ = 0.58. It shows that replacing the DC model by a periodic model can only
be done at the cost of processor utilization, or it may even lead to a non-feasible problem. On the
other hand, the periodic task model can always be replaced by a relative timing model by setting
dj = 277.] - pJ

Lower utilization demand is an important issue in practice if sporadic tasks need to be included. It
would therefore be important to have sufficiently free utilization capacity available. Simulation re-
sults are presented in Figure 1. They show mean free processor capacity of the DC model (bold
line) in comparison with the periodic model (dotted line). It can be seen that the processor utiliza-
tion of relative timing schedules is smaller than in a corresponding periodic model.

Relationship with Pinwheel Problems

The well known Pinwheel Problem (PP) [21] is closely related to the DC model, in the sense that
every instance of PP can easily transformed into an instance of the DC model by setting specific
deadlines, zero release times, and unit processing times. But in the PP the processor utilization is
always dense. Several algorithms for scheduling of pinwheel instances are devised in [8, 7]. Asso-
ciated real time problems, properties of PP and relationship with other models are discussed in
[10]. The pinwheel is viewed as a special case of periodic tasks scheduling problem, the discrete
version of the distance constrained tasks system problem, proportional fairness, periodic mainte-
nance problems and others. The Generalized Pinwheel Problem (GPP), introduced by Feinberg
and Curry [12], is based essentially on the same model as DC, so results concerning complexity
etc. can be transferred. The problem does not aim on minimization of utilization, though.

Complexity Considerations

In [11] it is shown that the Generalized Pinwheel Problem is NP-hard. Since GPP is based essen-
tially on the same model as DC and constitutes a subclass, we can conclude that the DC scheduling
problem is also NP-hard.

Theorem: The problem of finding a feasible schedule in the distance constrained task model is NP-hard.

Scheduling parameters: 100
n e 2..10; pj € 1..15; 90
relative timing constraints:
7 € 20"59' o 8 mean free processor capacity (%)
each chosen with even distribution. 701

For each instance, the corresponding relative

timing constraints are calculated 50 1
X,
Total number of instances: 18152 ..
30T periodic schedule: N

. . . . 1 mean free processor capacity (%
Simulation results are shown in Figure 3. 2 P paclty (4) ..
Number of instances for which ] Y

0 no periodic non-preemptive schedule exists: 01 U

4763 10 20 30 40 50 60 70 8 9 100
0 no periodic preemptive schedule

exists: 169 Figure 1. Mean free processor capacity

3. Minimizing Processor Utilization

We now turn to the optimization problem to find a schedule with minimum processor utilization.
We give an answer to this question for the simple case of two tasks T, and T, with zero release
times.

Notice that, as long there are no sporadic tasks, and only feasibility is concerned, there is no need
to include idle intervals on the processor. The only condition for schedulability is that an instance
of T, can be included between two instances of T,, and vice versa. Hence, the following is trivial:
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Lemma 1. Tasks T, and T, with zero release times can be feasibly scheduled iff p; + p, < min{d,,
d,}. O

In the following, we assume that there exists a feasible schedule for {T,, T,}. Let w.l.o.g. be d; <d,
,and definep=p, +p,.

Since we can restrict to cyclic schedules it is sufficient to consider partial schedules S of finite
lengths, for which S, , is feasible. Let Cg be the makespan of S; if S has n; instances of T; (j = 1,
2), then the utilization within the time span Cg is U = (nyp, + n,p,)/Cs. Even S is repeated infinitely

often, the utilization of S, ™, is U.

A general guideline for minimizing utilization would be to try to schedule the instances of each
task at maximum possible distances, i.e. d; — p; for T;, j =1, 2. If the task instances can be sched-
uled at these distances, the utilization of S is U = p,/d; + p,/d,.

Lemma 2. The tasks T, and T, with zero release times can be scheduled at distances d; — p, for T,
and d, — p, for T, without conflict if and only if p < gcd(d,,d,), where gcd is the greatest common
divisor.

Proof. Let S’ be a schedule for the T; only, where the first instance of T; starts at time 0, and the
following jobs are scheduled at maximal possible distances; then at each time id; an i-instance of T;
is started. The question is whether both schedules, s*and S? can be merged into one schedule in
such a way that the distances between the jobs are kept, and no overlap occurs.

It is a well-known fact that, given two integers d, and d,, we can always find integers k, and k,
such that k,d, — k,;d, = gcd(d,, dy). It is clear that s = gcd(d,, d,) is the smallest distance > O be-
tween start times of jobs in S YandS% A merged schedule, S, is constructed by scheduling the jobs
of T, at times id, and those of T, at times id, + p; (i =0, 1, ... ). Let integers k; and k, be such that
kod, — kd; = s. Since the (k;+1)™ job of T, starts at k,d;, the (k,+1)* job of T, starts at time k,d;+p,
and completes at time k,d; + p; + p, < k;d; + s = k,d,. Hence the tasks can be scheduled without
overlapinSifandonlyif p=p,+p,<s. 0O

If p, + p, > gcd(d,,d,), we see that the maximal possible distances cannot be kept because of con-
flicts. In the following we analyze this situation in detail.

We may assume that the schedule S has jobs le, T2I scheduled such that there is no idle interval in
between. If there is no such a pair we can shift the schedule from the second job on to the left until
there is no gap between them. With this assumption, it is easy to see that there are three types of
cycles (types I, 11, and I11), as depicted in Figures 6 — 8. Types | and Il differ by the task that is se-
lected first. Type Il is a combination of types I and II.

cycle
Figure 2  Cycle of type

i
zI 1 1 2 1 2 1
T ‘ Tkt ‘Thl‘ ‘ T2 ‘ T[Tk
L ‘C)‘/Cie T
Figure 3  Cycle of type ll
iy ]
‘ le ‘Tzl ‘ ‘ Tlm ‘T2|+1 -I-lm ‘ -I-lm T2|+z ‘ T1k+A -I-lk T2|+3

cycle
Figure 4  Cycle of type lll
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Let n',l, n",l, n"',l, n',z, n",z, n”',2 be the respective maximal numbers of T, and T, jobs in the cy-

cles of type I, Il and Ill at maximum possible distances as shown in Figures 6 — 8. Our aim is to
determine for each cycle type the smallest values for these numbers.

Lemma3. (i) n',dy<n' dy<n',d, +p;
(iiyn",1dy <n,dy <n" dy +p.
Proof. (i) follows directly from the conditions for building type-I cycles; (ii) is symmetric.
We show this for type Il cycles: let t; and t; be the respective start and completion time of the first

instance of T, that overlaps with the instance of T,:t,=t+n",;d; +p, t;=t+n",,d; + p (where
t is the start time of the cycle). The overlapping starts at time t, =t + n",2 d, and completes at time
t,=t+n",d, +p, . Thus the condition for an overlap is: t; > t,and t; <t, (see Figure 9),i.e. n",,
dy<n",dy<n",d,+p. 0O

I I
|
|

Lot t, t,

Figure 5 Overlapping task instances
Cycle of type I: This cycle starts with an instance of T,, followed immediately by an instance of T..
The conflict defining the end of the cycle is resolved by moving the instance of T, in front of the
instance of T, (see Figure 2). The start time of the T, instance then defines the end of the cycle.
Lemma 4. n';; is the smallest natural number for which n',; d,/d, — [n',, d,/d,) < p/d, , and n',, =
In',; dy/d,] .* The cycle of type I has length C' = n',,d,, and the processor utilization is U' = (n',; p;
+n',,py)IC'.
Proof. Let t be the time when the cycle starts. Since T, keeps its maximum distances, the obtained
cycle lasts fromttot + n',2 d, , and we get
c'=n',d, 1)
for the length of the type I cycle. Let p = p/d, and &= d,/d, , then n', <n'ye<n', + pfrom
Lemma 3 (i).
(i). Separating the integer part of n',lg, ie., n',lg= [n',l &+ a, we get n',z < Ln',l e+ a< n',z +p,
which, since 0 < @, p< 1, isonly possible if n', =|n'; eland & =n', & —Ln', el < p.

The minimally condition for n'; leads to the result that n',; > 0 is the smallest integer for which

nLe—In'yée <p.

The processor utilization U ' of this cycle is given by

U'=(\ip+n'op)iC. o
The other possibility of resolving the conflict, i.e., shifting the T,-instance in front of the T;-
instance, leads to a cycle of type Il1. This is discussed below (see cycle of type III).
Cycle of type Il: This cycle starts with a T,-instance, followed immediately by a T,-instance. The
conflict defining the end of the cycle is resolved by moving the T,-instance in front of the T,-

instance (see Figure 3). The start time of the T,-instance then defines the end of the cycle.
Lemma 5. n",1 is the smallest natural number for which n",1d1/d2 - Ln",ldlldzj >1-pld, , and
n", =[n",;dy/d,) + 1. The length C" of the cycle is n'",, d;, and the processor utilization is U" =

(n”,l P+ n', pz)/C“-
Proof. As compared to the cycle of type I, the roles of T, and T, are now interchanged. Hence the

length C" of the type-11 cycle is

! al denotes the largest integer < a.
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1 1l

C'=n lldll (2)
and from Lemma 3 (ii) we get (¢ and p are defined as in the proof of Lemma 4)
n“vlg< n”12 < n“ll€+ P -
Define f=n"; e—[n",; &l  (0,1), then
" el<n", - p<In" e+ p=In" el+1-(1-p),
which is only possible if 5=n",e-[n" & >1- pandn", =In", &l + 1. Hence from the mini-
mally condition we get that n'", ; is the smallest natural number for which 2 =n"; e—In" &> 1 -
o
The processor utilization U " of this cycle is given by

U"=@"ip+n"zp)ic'. O
The other possibility of resolving the conflict, i.e., shifting the T;-instance in front of the T,-
instance, is discussed next.
Cycle of type I11: A cycle of type Il is constructed by combining cycles of type | and Il (see
Figure 4): Starting with a cycle of type I, we shift the conflicting T,-instance in front of the T,-
instance, which results in the initial condition of the type Il cycle. The conflict at the end of the
cycle is resolved by shifting the T;-instance in front of the T,-instance. This leads to the initial
configuration of the type-I cycle. The cycle length c" can then easily be determined as

CIII - nl,ldl + nII,ZdZ _p
Notice that the number of T;- and T-instances in this cycle isn"' ; =n'; +n" 1, n

"= [(nl’l + n”’l)pl + (nlaz + n”,z)pz] / (nlal d, +

i I I
2=Np+N,,

respectively. Hence the processor utilization is U

1]
n, d2 - p)
Comparing utilizations: It turns out that, for particular pairs of tasks, any of the cycles may have
minimum processor utilization. However, it can be shown that the cases I or 1l outperform case 1lI

if U'and U "are not too close.
Theorem 1. Given tasks T, and T, with zero release times, and p, + p,> gcd(d,, dy). If T, and T,

can be feasibly scheduled then the schedules s' s" and " obtained by executing the respective
cycles of type I, 11, 111 are feasible. The optimal schedule can be found among these schedules, and
the respective processor utilizations are

u's= (nl’l P+ n', pz)/cI

U'=@"pr+nop)ct (3)

u'= [(nlnl + n”rl)pl + (nlaz + n“,z)pz]/Cm .
Furthermore, (i) if U ">u I(1 + p/C”) thenU'< U
U 11 < UI '
Proof. Schedule S' (and similarly s"and S ) is obtained by repeated execution of the cycle of
type 1. The feasibility of s' s"and s" follows from the condition p; + p, < min{d,, d,} and the
above discussion of the cycle types.

From Lemma 3, and equ. (1), (2) we getC' + C"' - p<C
follow directly from (3). O

"<u" and (i)ifu'>U"@ +p/C) then U" <

< c'+ c" + p. with this, (i) and (ii)

4. Summary and Outlook

In this paper we presented results of our ongoing work on a topic in hard real time systems. We
analyzed the problem of scheduling unbounded sequences of tasks with relative timing constraints
subject to minimizing processor utilization. The presented problem turned out to be NP-hard in
general, but we gave an in-depth analysis of the two-task case that was shown to be solvable in
polynomial time.

Many problems remain to be worked on in future research.

The introduced distance constrained (DC) model comprises the classical periodic model in the
sense that the periodic parameters can be transformed to distance constrained conditions. More-
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over, the mean processor utilization tends to decrease while changing to the DC model. Most
commercial real time system kernels, though, are based on priority schemes. Usually they feature
only few fixed priority levels, an implementation of the DC model on top of those kernels is nei-
ther easy nor efficient, cf. [1]. But integrating the DC model into a real time system kernel is sub-
ject of ongoing development.

As a consequence of minimizing processor utilization, free processor capacity remains to process
aperiodic tasks. But at arrival of aperiodic tasks, the system has to decide what to do depending on
a schedulability analysis. Different mechanisms, algorithms and complexity issues concerning this
schedulability analysis are also of interest in further research. Moreover, what is the maximal al-
lowed size and frequency of a sporadic task to be accepted?

Since there is no necessary and sufficient condition that can be checked in reasonable time, unless
P=NP, the question about heuristic approaches and polynomial solvable subclasses is obvious.
Also the exploration of the border to intractability is of interest. E.g. what is the time complexity of
the three-task case? Is there still a polynomial solution? Some of these topics are already answered
or dealt with, respectively, in a comprehensive theoretical framework currently developed.

Finally, we summarize some of the advantages of the relative timing approach as compared to the
periodic approach:

(a) Periodic requirements can always be replaced by relative timing constraints; in this sense the
relative timing approach is more general.

(b) Generally, a relative timing schedule allows including longer sporadic tasks than a correspond-
ing periodic schedule.

(c) If an off-line schedule is required, the periodic model may lead to very long schedules where
the schedule length is defined by the least common multiple of the period lengths. In contrast, the
relative timing model leads in average to considerably shorter schedules.
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