480

MISTA 2007

Optimal and Approximate Periodic Task Scheduling with &ger
Requirement Minimization

Sid-Ahmed-Ali Touati

University of Versailles, France. Sid.Touati@uvsqg.fr

In this paper, we study an exact formulation of the generablem of one-dimensional periodic task
scheduling under storage requirement, irrespective ohinacconstraints. We present a new theoretical
framework that allows an early optimization of periodicrsige requirement. This is based on inserting
some storage dependence edgierége reuseedges) labeled witheuse distanceslirectly on the data
dependence graph. In this new graph, we are able to fix thagagamequirement measured as the exact
number of necessary storage locations. The determinafistorage and distance reuse is parametrized
by the desired minimal execution period (resp. maximal etien throughput) as well as by the storage
requirement constraints - either can be minimized whiledtixer one is bounded, or alternatively, both are
bounded.
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1 Introduction

This article addresses the problem of storage optimizati@yclic data dependence graphs (DDGSs), which
is for instance applied in the practical problem of periadigister allocation for innermost loops on modern
Instruction Level Parallelism (ILP) processors. The masgitroduction of ILP processors since the last
decade makes us re-think new ways of optimizing registeege requirement in assembly codes before
starting the instruction scheduling process under regocmastraints. In such processors, instructions are
executed in parallel thanks to the existence of multiplellsotenputation units (adders, multipliers, load-
store units, etc.). The exploitation of this new fine graimafialism (at the assembly code level) asks to
completely revisit the old classical problem of registém@dtion initially designed for sequential processors.
Nowadays, register allocation has not only to minimize tloeage requirement, but has also to take care
of parallelism and total schedule time. In this researciclartwe do not assume any resource constraints
(except storage requirement); Our aim is to analyze theetodidbetween memory (register pressure) and
parallelism in a periodic task scheduling problem. Note thia problem is abstract enough to be considered
in other scheduling disciplines that worry about conjoiorage and time optimization in repetitive tasks.

Existing techniques in this field usually apply a periodistinction scheduling that is sensitive to regis-
ter/storage requirement. Therefore a great amount of wiakto schedule the instructions of a loop (under
resource and time constraints) such that the resulting dods not use more th&g values simultaneously
alive. Usually they look for a schedule that minimizes tr@age requirement under a fixed execution pe-
riod [3, 4, 6]. In this paper, we satisfy register constraigarly before instruction scheduling under resource
constraints: we directly handle and modify the DDG in ordefix the storage requirement of any further
subsequent periodic scheduling pass while taking care toéltering parallelism exploitation if possible.
This idea uses the concept of reuse vector used for mulaional scheduling [12, 13].

Our article is organized as follows. Sect. 2 defines our pmbinodel. Sect. 3 starts the study with
a motivating example. The problem of optimal periodic schied under storage constraints is described
with graph theory and integer linear programming in SecSdct. 5 presents simplified sub-problems and
polynomial heuristics.
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2 Tasks Model

We consider a simple innermost loop in a program represebyed set ofl generic tasks (instructions)
To, ..., T;_1. Each taskl; should be executed times, wheren is the number of loop iterations: is a an
unknown, unbounded, but finite integer. This means that &e#T; hasn instances. Thé'" occurrence of
taskT; is notedT (i, k), which corresponds to task executed atkHeiteration of the loop, witl) < k < n.

The tasks (instructions) may be executed in parallel on &mpilocessor. Each task may produce a result
that is read/consumed by other tasks. The considered logpine some data dependences represented with
agraphG = (V, E, 6, \) such that:

e V is the set of the generic tasks of the loop bddy= {1, ..., T;—1}.

e F is the set of edges representing precedence constraints déipendences or other serialization
constraints). Any edge = (7;,7;) € E has a latency(e) € N in terms of processor clock
cycles and a distancg(e) € N in terms of number of loop iterations. The distande) means
that the edgee = (7;,7}) is a dependence between the td3k, k) andT'(j,k + A(e)) for any
kE=0,...,n—1—\(e).

We make a difference between tasks and precedence cotssttapending whether they refer to data to be
stored into registers or not

1. Vj is the set of tasks producing data to be stored into registers

2. Eris the set of flow dependence edges through registers. Aneedgd;, 7;) € Er means that the
taskT'(i, k) produces a result stored into a register and read/consumn@&d; bk + A(e)). The set of
consumers (readers) of a generic tdsks then the set:

Cons(T;) ={T; € V |e = (T},Tj) € Er}

Fig. 1is an example of a data dependence graph (DDG) whelelioles represerity the set of generic
tasks producing data to be stored into registers. Bold edgessent flow dependences (each sink of such
edge reads/consumes the data produced by the source asdlister register). Tasks that are not in bold
circles are instructions that do not write into registersit@vthe data into memory or simply do not produce
any data). Non-bold edges are other data or precedenceaatstifferent from flow dependences. Every
edgee in the DDG is labeled by the paf(e), A(e)).

In our generic ILP processor model, we assume that the rgadhid writing from/into registers may be
delayed from the starting time of task execution. Let assu(figi, k)) € N as the starting execution time
of taskT (i, k). We thus define two delay functiods andd,, in which

ow: Vp—N
the writing time of data produced (i, k) is o (T (i, k)) + 0 (7T;)
o.: V=N
the reading time of the data consumedby, k) is o (T'(i, k)) + 6.(T;)

These two delays functions depend on the target processbmadel almost all regular ILP hardware
architectures (VLIW, EPIC/IA64 and superscalar procegsoilhe next section recalls the definition of
periodic task scheduling problem in case of one dimensiscizdule.
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(a) Example of a DDG with Generic Taks (b) Loop iterations and instruction/task instances

Figure 1: Example of Data Dependence Graphs with RecurigsksT

2.1 The Periodic Scheduling Problem

Instruction or task scheduling in our case is the processssifjaing an integral execution date to each
task occurrence. A schedule is considered as an integrefidannoteds which must at least satisfy the
precedence constraints defined by the DBG- (V, E, §, \):

Ve = (T;,Tj) € E,Nk € [0,n — 1 = X(e)] : o(T(i, k) +d(e) <o (T{j,k+ Ae))) 1)

However, since: the number of task occurrences is unknown and unboundedhevddsnot consider
any shape of scheduling functions, even if they meet thet@ints defined above. We should only look
for periodic schedules since our aim is to generate a final compact cod®|g | A periodic scheduling
function o is associated with a unique integral peripdto be computed). The execution peripds in-
tegral and common to all generic tasks because it simplifiecbde generation of the final loop. Other
multi-dimensional periodic scheduling functions may beptyed (with multiple periods, or with ratio-
nal periods), but with the expense of huge code size. In oypesca periodic scheduling function with a
unique periodp assigns to each generic tdkan integral execution date for only the first task occurrence
T(i,0) that we noter; = o(7'(i,0)). The execution date of any other occurrefite, k) becomes equal to
o(T (i, k)) = o;+k x p. By reporting this definition into Equ. 1, we get new periogliheduling constraints
that should be satisfied ty.

Ve = (T;,Tj) € E:0;+6(e) <o;+ Ae) xp 2

Classically, by adding all such inequalities over any cyCl®f the DDG G we find thatp must be

greater than or equal tmaxc {%W that we will denote in the sequel as the absolute Minimal
ec

Execution Period\/ EP. ComputingM E P of a cyclic graph is a well known polynomial problem [2, 7].
The usual problem of periodic instruction scheduling lofilksa schedule with a minimal period which
satisfies additional constraints (resources, boundedg#arquirement, etc.). In this article, we study the
problem of periodic scheduling under data dependence anagst constraints.

2.2 Storage Requirement

When considering a periodic schedulevith an integral periogh, any generic taslf; € Vz corresponds to
n task occurrences, each one producing a data atiffei, k)) + 0., (7;), with k = 0,...,n—1. Such data
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should be stored inside a register until its last readinghBaw dependence = (7;,T;) € Er means that
the task occurrenc&(j, k + A(e)) reads the date produced BY:, k) at timeo; + 6, (1) + (A(e) + k) x p.
The last reading time of a data producedmy, k) is called thedeathdate and is equal to:

do(T (i, k)) = i+ 0 (T A k) x 3
(TG k) = _ moax (o5 +0n(Tj) + (A(e) +F) x p) 3)
Every consumer that reads a data at its death time is cakéléaof the data. Then, every data produced by
o(T(i, k)) is alive during a contiguous interval between the productiate and the death date. It is called
lifetime intervaland is equal to:

LTU(T<i7 k>) :]U(T<ia k>) + 5w(Tz)> dU(T<i7 k>)]

During this interval, the considered data is salide and should reside inside a storage location (register)
during the whole interval. The register assigned to stdsedéta is not free to store another data during this
lifetime interval. Letalive!, be the set of alive data at time= N when considering a schedute

alivel, = {T(i,k)|T; € Vg,0<i<l, 0<k<mn, te LT, (T(ik)}

The storage requirement of the DO@&Gwhen considering the periodic schedulés equal to the maximal
number of simultaneously alive data at any time. Formalig €qual to:

SR,(G) = max |{aliveg}| 4)
teN

When considering unbounded resources and unbounded etagigter facilities, we can easily com-
pute an optimal periodic scheduleg., with a minimal execution periogd = M EP [2]. We consider now
a register pressur® (a finite number of available registers) and all the schedtiiat have a maximum of
R simultaneously alive variables. Any register/storagecation will induce new storage dependencies in
the DDG; Hence register pressure has influence on the expeeteen if we assume unbounded resources.
What we want to analyze here is the minimprihat can be expected for any periodic schedule using at most
R registers. We will denote this value 4 F Pr and we will try to understand the relationship between
M EPr andR. Let us start by an example to fix the ideas.

3 Motivating Example

We give in this section more intuitions about the new edges wWe add between two tasks in order to
restrict the parallelism and hence restrict the whole gwr@quirement. These edges represent possible
register reuse between tasks. This can be viewed as a vafigaheral storage mapping functions [12, 13].
Let us consider the DDG of Fig. 2(a). The DDG of this loop caomgaonly one flow dependence=
(T1,T») with distance\(e) = 3. If we have an unbounded number of registers, all iterat@frtsis loop
can be run in parallel since there is no cycle in the DDG. Atheigerationk = 0,...,n — 1, the task
T(1,k) writes into a new register. Now, let us assume that we onlgtfav= 5 available registers. The
multiple instances of; can use onlyR = 5 registers to periodically carry their data. In this case,tdsk
T(1, k+ R) writes into the same register previously used/liy, k). This fact creates storagedependence
from T'(2,k + A(e)) to T(1, k + R); this is equivalent to inserting a storage dependence iD& from
T, to T} with a distanceR — A(e) = 2. Since the writing ofT; is delayed byd,,(77) time units and
the reading off; is delayed by, (7%) time units, the latency of the introduced storage deperalenset
to 0, (T») — 0, (T1). Consequently the DDG becomes cyclic because of storagitioms (see Fig. 2(b)
where the storage dependence is dashed). The introduceddisge, also calledniversal Occupancy

483



484

MISTA 2007

@ﬁxe), A(©)) %(e), )

@ (6-(T2) — 64 (T1), R — ’\(‘i)\)\@

(a) Simple DDG (b) Storage Depende

Figure 2: Simple Example

Vector[12], must in turn be counted when computing the new minimuetation period since a new cycle

is created:
5(6) + 57(T2) - 5w (Tl)

R

When a task produces a data that is read by multiple consuar@svhen the periodic schedule has not
been fixed yet, we cannot know which consumer would be a ldlléhe data and hence we cannot know
in advance when a register is freed. We propose a trick whigimeks for each task; a fictitious killing
task K;. We insert an edge from each consurfiere Cons(T;) to K; to reflect the fact that this killing
task is scheduled after all the consumerd’ofsee Fig. 3). The latency of this edge is se#t(l;) because
of the reading delay. We set its distance-td, where)\ is the distance of the flow dependence betw&en
and its consumef;. This is done to model the fact that the virtual task occureeli (i, k + A — \), i.e
K (i, k), is scheduled after the death date of the data produc&dhy:). The occurrencef/iteration number
k of the killer of T'(i, k) is only a convention and can be changed by circuit retimiggvighout changing
the fundamental mathematical problem.

Now a register/storage allocation scheme consists of defiiie edges and the distances of reuse. That
is, we define for eacl; the taskT); and iteration distanc@; ; such thatl'(j, k + 1, ;) reuses the same
destination register &5(i, k). This reuse creates a new storage edge/dependencértm’; with latency
—04(Tj). The distance of this edge jg ;, to be defined/computed. We will see in a further sectionttiet
storage requirement can be expressed in terms pf

MEPg >

(0w (T5), po,3)
(Z0u(Ts), p3,3)

(6 Aly \\(5 Az) : z \“, ;; /®\(6'117(‘T0);N3,0; ;
<6T<T1;A19 .\\ ; \ 1\
- (0r(T2), = A2) @

ko)

(a) First Storage Reuse Decision (b) Another Storage Allocation Schel

(=6w(To), po,0)

@ @ O ©

Hiji

(c) First Reuse Graph (d) Second Reuse Graph

Figure 3: Killing Tasks and Reuse Graphs
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Hence controlling register pressure means first detergininich instruction should reuse the register
killed by another instructionihere should storage dependences be addesitondly we have to determine
data lifetimes or equivalently storage requiremériv( many iterations lateri() should reuse occ)? As
defined by the algebraic formulas df £'P, the lower is the. the lower is the register requirement but also
the larger is thé\l E Pg.

Fig. 3(a) presents a first reuse decision where each geaskicguses the register freed by itself. This is
illustrated by adding a storage dependence frog(resp. K3) to Ty (resp.T3) with an appropriate distance
1 as we will see later. Another reuse decision (see Fig. 3(la)y be that the generic task (resp. 73)
reuses the register freed By (resp.7p). This is illustrated by adding a storage dependence fgniresp.
K3) to T3 (resp. Tp). In both cases, the register pressure is equal to the surh pfdistances, but it is
easy to see that the two schemes do not have the same impaA£EaPy: intuitively, it is better that the
operations share registers instead of using two differealtspof registers. For this simple example with two
tasks, we have only two choices for reuse decisions. Howaegmneral loop withi tasks producing data,
we may have an exponential number of possible reuse desision

There are three main constraints that the resulting DDG mmesit. First it must be schedulable by
periodic scheduling. Second, the number of registers ugeshy storage allocation scheme must be lower
or equal to the number of available registers. Third and thstcritical ratio (/ £ Pr) must be kept as lower
as possible in order to save task parallelism. The nextmsegives a formal definition of the problem and
provides an exact formulation.

4 Exact Problem Formulation with Graph Theory and Integer Programing

The storage reuse relationship between the generic tadksdsibed by defining a new graph calkedeuse
graph Fig. 3(c) shows the first reuse decision wheérgresp.T;) reuses the register used by itself; (125 ;
resp.) iterations earlier. Fig. 3(d) is the second reusécehwhereT; (resp. T;) reuses the register used
by T} (resp.T;) 5, (resp. u; ;) iterations earlier. The resulting DDG after adding thding tasks and the
storage dependences to apply the register reuse decisioabad theDDG associated with a reuse graph
Fig. 3(a) is the associated DDG with Fig. 3(c), and Fig. 3¢tihe one associated with Fig. 3(d). In the next
section, we give a formal definition and model of the stordtpeation problem based on reuse graphs. We
denote by _.,, the DDG associated with the reuse graph.

4.1 Reuse Graphs

A storage allocation consists of choosing which task reudesh released register. We define:

Definition 1 (Reuse Graph) LetG = (V, E, 6, ) be a DDG. The reuse graph” = (Vg, E,, 1) is defined
by the set of taskBy, the set of edges representing storage reuse relationshighedge distances. Two
tasks are connected i6" by an edge: = (1}, 1)) iff T'(j, k + u(e)) reuses the register freed by(i, k).

We call E, the set of reuse edges apge) a reuse distance. Gived” = (Vg, E,, uu) a reuse graph, we
report the storage reuse relationship to the D& (V, E, §, \) by adding a storage dependence frén
to 7T} iff e = (7;,7};) is a reuse edge. The distance of this dependengéeis The introduction of these
extra edges inté: produces the DDG-_,,. associated with the reuse gra@h.

A reuse graph must obey some constraints to be valid:

1. The resulting associated DD@_,,, must be schedulableg., it has at least one periodic schedule;

2. Each task must reuse only one freed register, and eadteegiust be reused by only one task.

Lemmal [11] Let G" = (Vg, E,, ) be a valid reuse graph for a DDG = (V, E,§,\). Then:
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e the reuse graph consists of only elementary and disjoinelkgy

e any taskl; € Vi belongs to a unique cycle in the reuse graph.

First, let us assume a reuse graph for a DGGIf such reuse graph is valid, we can build a periodic
storage allocation fof7, as explained in the following theorem. We requin@") registers, in whichi(G™)
is the sum of all; distances in the reuse grapfi.

Theorem 1 [11] Let G = (V, E, ), \) be a DDG andG" = (Vg, E,, 1) be a valid reuse graph. Then the
reuse graph defines a periodic storage allocation witlt:") registers. Formally:

Vo a periodic schedule fof_., : SR,(G_.,) < u(G")

From all above, we deduce a formal definition of the problenomifmal periodic storage allocation with
maximal execution throughput. We call it Periodic Scheuylvith Storage Minimization (PSSM).

Problem 1 (PSSM) Let G = (V, E, 4, \) be a data dependence graph apd desired execution period.
Find a valid reuse graph such that the associated DGG, is schedulable with a a period equal pavhile
#(G") is minimal.

This problem is NP-complete [11]. In practice, the probleimegister allocation is sightly different. The
processor haR a finite number of registers and we should find a time-optimla¢dule such that the storage
requirement is below the lim®. In this case, the problem can be re-stated as : Find a vals&rgraph such
that R = (G") < R while the associated DDG_,, is schedulable with a period equaljic= M EPg. It

is straightforward to see that PSSM can be iteratively usesblve the problem of register allocation. The
following section gives an integer linear formulation foetPSSM problem.

4.2 Exact Formulation for PSSM

In this section, we give an integer linear model for solvirfgSIM. It is built for a fixed desired perioa
Our PSSM exact model uses the linear formulation of the &dioplication ) by introducing binary
variables [11].

Basic Variables

e a schedule variable; > 0 for each taskl; € V, includingo, for each killing nodek’;. We assume

a finite upper bound. for such schedule variableg gufficiently large,.L. = o.cgd(e)).
e abinary variableg, ; for each(T;,T;) € V3. Itis setto 1 iff(7;, ;) is a reuse edge;

e 1; ; reuse distances for all;, 7;) € V3.

Linear Constraints
e Data dependences (see Equv2)= (T;,7j) € E: 0; —0; < —d(e) +p x A(e)

e Killing dates for consumed data:
VT; € Vg, VTj € Cons(Ty)|e = (T;,Tj) € Er: ok, > 0j + 6.(T;) +p x A(e)

e There is a storage dependence betwgeandT; if (T;,7;) is a reuse edge:

V(E,Tj) S V}% : 91‘7]' =1= ok, — 5w(Tj) <oj+p X
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o If there is no register reuse between two ta¢ksand 7}, thend; ; = 0. The storage dependence
distanceu; ; must be set to 0 in order to not be accumulated in the objefttivetion.

(T, T;) €EVE:0;j=0= p;; =0

The reuse relation must be a bijection frém to Vx:
e aregister can be reused by one tagki € Vi : .y, b =1

* atask canreuse one released registéf:c Vi : 3 7y, 0 = 1

Objective Function We want to minimize the storage requirement: Minim@nyTj)e‘,}% i -

If we want to consider the real problem of periodic registércation, it is sufficient to find a solution
below R the number of available registeiiss., we do not need to minimize the storage requirement at the
lowest possible level. In this case, we can avoid defininglgaative function, and we can simply add a

constraint:y_ p, 7 evz tij <R

5 Problem Simplification : Fixing Reuse Edges

Buffers [1, 5, 9] are FIFO storage facilities that transpata between repetitive tasks. That is, a generic
task writes its result in its own buffer that will be acces¢ezhd) by further tasks. When buffer/FIFO
structures are used as a storage memory, there is no stdragegsbetween generic tasks, since each task
has its own pool of storage locations. In our framework, phablem actually amounts to deciding that each
generic task reuses the same storage location, possiblg gerations later. Therefore we consider now
the complexity of our storage minimization problem whenrfixreuse edges. This generalizes the buffer
minimization approach. Formally, the problem can be stagefbllows.

Problem 2 (Fixed PSSM) LetG" = (Vg, E,., ;1) an incomplete reuse graph with already fixed reuse edges,
but the reuse distances remain to be computedGLet = (V, E, 6, A) an incomplete DDG associated with

it, and p a desired execution period. L&' C E be the set of already fixed storage dependences (which
correspond to the reuse edges(f). Find a distance.; ; for each storage dependentk;, T;) € E’ such
that}_ ., 7.y pr a5 IS minimal, and the resulted DDG_.,- has a valid schedule with a period equalito

In the following, we assume thdf’ C FE is the set of these already fixed storage dependences (their
distances have to be computed). The process of early fixorggd dependences greatly simplifies the
integer linear program of Sect. 4.2. Consequently, thed=B@&SM problem can be solved by the following
integer program, assuming a given desired execution perihet first define the integer variables used in
our exact formulation:

e a schedule variable; > 0 for each taskl; € V, includingo, for each killing nodek’;. We assume
a finite upper bound. for such schedule variableg gufficiently large,.L. = o.cgd(e)).

e 1, j reuse distances for all fixed storage depende(besT;) € E'.

The following integer program solves the Fixed PSSM problem

Minimize DK Ty e B Mg

Subiject to:

P X pij+0j— ok, 2 —0u(Tj) V(K Tj) € E ®)
oj —o; > 6(e) —p x Ae) Ve = (T;,Tj) € E— FE'

or, —0; > 0,(Tj) +px Xe) VT; € Vg,VTj € Cons(T;)|le = (T3,T;) € Er
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If we want to solve the dual probleme., to computeM E Pr the minimal execution period given a storage
capacityR, it is sufficient to find a solution below the number of available storage elements. In this case,
we do not need to minimize the storage requirement at thesiop@ssible level, we can simply remove
the objective function and we add a constr@EKi,Tj)E w 1ij < R. MEPg can be calculated iteratively
using a binary search gnbetween\ £ P and the upper-bound.

System 5 contain®(|V|) variables and)(|E|)) linear constraints, but it does not mean that its resolv-
ing complexity is polynomial. Indeed, even if System 5 is adjsimplification of PSSM, its constraints
matrix isn’t totally unimodular yet. However, this simptiéition allows to solve the PSSM for larger DDGs
(multiple hundreds of nodes) compared to the case of exdichalpPSSM where only small DDGs can be
taken into account (since optimal PSSM is an NP-completblena).

Furthermore, we can go further by simplifying System 5. 8ind¢s a constant, we can do the variable
substitutiony’ = p x u and System 5 becomes:

Minimize Z(KZ-,T]-)EE’ i j
Subject to:
W+ oi— o, 2 —6u(Ty) VKL Ty € B! ©

oj—o0; > d(e) —p x Ae) Ve = (1;,1j) € E— E'
or, — 05 > 6:(T5) +p x Ne) VT; € Vg,VTj € Cons(T;)|le = (T3,T;) € Er

Theorem 2 [11] The constraints matrix of the integer linear program®yfstem 6 is totally unimodular, i.e.,
the determinant of each square sub-matrix is equal to O at th

Consequently, we can use polynomial algorithms to sohsegiablem [10]. This would allow us to consider
huge DDGs (multiple thousands of nodes). We must be awatréhnback substitutiop = %’ may produce

a non integral value for the distange If we ceil it by settingu = [%’1, a sub-optimal solution may reshilt
It is easy to see that the loss in terms of number of storageéresgent is not greater than the number of
generic tasks that write into a storage locatifri().

6 Conclusion

This article presents a new theoretical approach for perimdk scheduling with storage requirement opti-
mization. Our theoretical framework is more generic thanekisting ones, since it allows exact definition
of the problem while considering delays in writing and regdirom storage locations. As a practical ap-
plication, we use it for solving the problem of periodic 1gi allocation for instruction scheduling on
ILP processors, which is a distinct problem and more diffithéin the old classical register allocation for
sequential processors.

Our exact formulation of the problem has many applications can fix an execution period while min-
imizing the storage requirement, or we can fix the executeod while bounding the storage requirement.
The dual problem of bounding the storage requirement whiiémizing the execution period can be solved
by a binary search op (solving iteratively successive integer problems of PSSM)

Storage allocation is expressed in terms of reuse edgeseasd distances to model the fact that two
tasks use the same storage location. Our integer lineargimogomputes an optimal solution with reduced
constraint matrix size, and enables us to make a tradeoffdeet task parallelism and number of storage
locations.

Since computing an optimal periodic storage allocatiomtigactable in large data dependence graphs,
we identified one approximate subproblem by fixing reuse ®dgel computing the reuse distances that
minimize the overall storage requirement. We can use iffferdint ways, as setting self-reuse edges (buffers

10f course, if we have = 1 (case of non cyclic DDG for instance), the solution remaipsatto System 5.
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minimization) or fixing arbitrary (or with a cleverer algtitin) other reuse cycles. This simplification allow
us to consider DDGs with multiple hundreds of nodes, but dalafine a polynomial instance of the original
problem. A polynomial subproblem is obtained thanks to alnigective variable substitution’ = p x p.
This simplification allows us to consider huge DDGs, but telan additional cost in terms of storage
requirement (sub-optimal result).
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