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Niterói, RJ 24210-240, Brazil, celso@inf.puc-rio.br

Sports scheduling is a very attractive application area due to the importance of the problems in
practice and to their interesting mathematical structure. We introduce a new problem with practical
applications, consisting in scheduling a compact single round-robin tournament with fixed venue
assignments for each game. Two integer programming formulations are proposed and compared.
Comparative numerical results are presented.
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1 Problem statement

The field of sports scheduling has been attracting the attention of an increasing number of re-
searchers in multidisciplinary areas such as operations research, scheduling theory, constraint pro-
gramming, graph theory, combinatorial optimization, and applied mathematics. Particular im-
portance is given to round robin scheduling problems in which each team is associated with a
particular venue, due to their relevance in practice and to their interesting mathematical structure.
The difficulty of the problems in the field leads to the use of a number of approaches, includ-
ing integer programming [10, 15], constraint programming [6], hybrid methods [3], and heuristic
techniques [1, 14]. We refer to [4, 11] for literature surveys.

In round robin tournaments, every team face each other a fixed number of times in a given
number of rounds. Every team face each other exactly once in a single round robin (SRR) and
twice in a double round robin (DRR). If the number of rounds is minimum and every team plays
exactly one game in every round, then the tournament is said to be compact. Each team has its own
venue at its home city. Each game is played at the venue of one of the two teams in confrontation.
The team that plays at its own venue is called the home team and is said to play a home game,
while the other is called the away team and is said to play an away game. A schedule must not
only determine in which round each game will be played, but also at which venue.

The problem of scheduling round robin tournaments is often divided into two subproblems. The
construction of the timetable consists in determining the round in which each game will be played.
The home-away pattern (HAP) set determines in which condition (home or away) each team plays
in each round. The timetable and the home-away pattern set determine the tournament schedule.

Some round robin scheduling problems consider both the construction of the timetable and of
the home-away pattern set. As an example, the traveling tournament problem (TTP) [5] calls for
a schedule minimizing the total distance traveled by the teams.

However, either the timetable or the HAP set of the schedule may be fixed and known before-
hand in some situations. In the first case, the timetable is given and the problem consists in finding
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a feasible HAP set optimizing a certain objective function. The break minimization problem [13]
deals with the minimization of the number of breaks (two consecutive home games or two con-
secutive away games of the same team) in the schedule, while the timetable constrained distance
minimization problem [12] calls for the minimization of the total distance traveled.

In the second case, the HAP set is predetermined and a timetable is requested. There is
a feasibility issue, since not every HAP set may be associated with a compatible timetable. A
necessary condition for feasibility is given in [9]. The problem of constructing a timetable compatible
with a given HAP set optimizing certain objective appears as a subproblem in several approaches
to solve real-life scheduling problems, see e.g. [10].

A Home-Away Assignment (HAA) [8] is an assignment of a venue to each game. A HAA is
balanced if the difference between the number of home games and the number of away games is at
most one for every team. If the timetable is fixed, i.e., the round of every game is known, the HAP
set and the HAA give the same information and determine the same schedule.

We consider and formulate the problem of scheduling single round robin tournaments with fixed
home-away assignments. The venue of each game is known beforehand and the problem consists
in determining a timetable minimizing a certain objective function. Variants of this problem find
interesting applications in real-life leagues whose DRR tournaments are divided into two SRR
phases. Games in the second phase are exactly the same of the first phase, except for the inversion
of their venues. Therefore, the venues of the games in the second phase are known beforehand and
constrained by those of the games in the first phase. This is the case e.g. of the Chilean soccer
professional league [2] and of the German table tennis federation of Lower Saxony [7].

We assume that each team has its own venue at its home city. All teams are initially at their
home cities, to where they return after their last away game. The distance dij ≥ 0 from the home
city of team i to that of team j is known beforehand. A road trip is a sequence of consecutive away
games played by a team at the venues of its opponents. This team travels from the venue of one
opponent to that of the next, without returning home.

Let G be a HAA, whose elements are ordered pairs of teams. The game between teams i and j is
represented either by the ordered pair (i, j) or by the ordered pair (j, i). In the first case, the game
between i and j takes place at the venue of team i; otherwise, at that of team j. Consequently, for
every two teams i and j, either (i, j) ∈ G or (j, i) ∈ G.

Given an even number n of teams and a home-away assignment G, the Traveling Tournament
Problem with Fixed Venues (TTPFV) consists in finding a compact single round robin schedule
compatible with G, such that the total distance traveled by the teams is minimized and no team
plays more than three consecutive home games or three consecutive away games. Section 2 de-
scribes two integer programming formulations of this problem, with respectively O(n3) and O(n5)
variables. The strength of their linear relaxations is compared in Section 3. Computational results
are presented in Section 4. Concluding remarks are drawn in the last section.

2 Integer programming formulations

2.1 Formulation with O(n3) variables

We define the following decision variables:

ztjk =
{

1, if team t plays at home against team j in round k,
0, otherwise;

ytij =
{

1, if team t travels from the facility of team i to the facility of team j,
0, otherwise.
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The above variables are used in the formulation (1)-(12) of TTPFV, with O(n3) variables:

minF1(z, y) =
n∑

t=1

n∑
i=1

n∑
j=1

dijytij (1)

subject to:

n−1∑
q=1

ztjq = 1, ∀ (t, j) ∈ G (2)

n∑
j=1
j 6=t

(ztjk + zjtk) = 1, t = 1, . . . , n, k = 1, . . . , n− 1 (3)

ytij ≥ zit,k−1 + zjtk − 1, t, i, j = 1, . . . , n with t 6= i 6= j, k = 2, . . . , n− 1 (4)

ytit ≥ zit,k−1 +
n∑

j=1
j 6=t

ztjk − 1, t, i = 1, . . . , n with t 6= i, k = 2, . . . , n− 1 (5)

ytti ≥
n∑

j=1
j 6=t

ztj,k−1 + zitk − 1, t, i = 1, . . . , n with t 6= i, k = 2, . . . , n− 1 (6)

ytti ≥ zit1, t, i = 1, . . . , n with t 6= i (7)

ytit ≥ zit,n−1, t, i = 1, . . . , n with t 6= i (8)

k+3∑
q=k

n∑
j=1
j 6=t

zjtk ≤ 3, t = 1, . . . , n, k = 1, . . . , n− 4 (9)

k+3∑
q=k

n∑
j=1
j 6=t

zjtk ≥ 1, t = 1, . . . , n, k = 1, . . . , n− 4 (10)

ztjk ∈ {0, 1}, t, j = 1, . . . , n, k = 1, . . . , n− 1 (11)

0 ≤ ytij ≤ 1, t, i, j = 1, . . . , n. (12)

The objective function (1) defines the minimization of the total distance traveled by the teams.
Constraints (2) ensure that each game occurs exactly once. Constraints (3) guarantee that each
team plays one game in each round. Constraints (4) enforce team t to perform a trip from the
home city of team i to that of team j if it plays two consecutive away games against teams i and
j, in this order. Constraints (5) enforce team t to perform a trip from the home city of team i to
its own home city if it has an away game against the latter followed by a home game in the next
round. Constraints (6) enforce team t to travel from its own home city to that of team i to play
away against the later after a home game in the previous round. Constraints (7) enforce team t to
travel to the home city of team i if it plays away against the latter in the first round. Constraints
(8) enforce team t to return from the home city of team i if it plays away against the latter in the
last round. Constraints (9) establish that team t cannot play more than three consecutive away
games, while constraints (10) guarantee that team t cannot play more than three consecutive home
games. Constraints (11) define the integrality requirements for the z variables. The y variables act
as generalized upper bounds to constraints (4) to (8). Since their costs in the objective function
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to be minimized are non-negative, they will always assume the minimal possible value, which is
necessarily either 0 or 1. Therefore, the integrality requirements on the y variables may be replaced
by lower and upper bounds expressed as constraints (12).

This formulation has O(n4) constraints: O(n2) of types (2), (3), (7), (8), (9) and (10), O(n3)
of types (5) and (6), and O(n4) of type (4).

2.2 Formulation with O(n5) variables

This formulation considers complete road trips. The variables represent road trips of different sizes,
giving a more direct representation of the problem. Three new decision variables are defined and
used in the third formulation:

w1
tik =


1, if team t starts, in round k, a road trip visiting team i and

returning home in round k + 1 (with t 6= i)
0, otherwise;

w2
tijk =


1, if team t starts, in round k, a road trip visiting first team i, then team j,

and returning home in round k + 2 (with t 6= i 6= j)
0, otherwise;

w3
tijlk =


1, if team t starts, in round k, a road trip visiting first team i, then team j,

next team l, and returning home in round k + 3 (with t 6= i 6= j 6= l)
0, otherwise.

Two dummy rounds (indexed by -1 and 0) are created to simplify the formulation. The variables
corresponding to every road trip starting in any of these fictitious rounds is set to 0. The auxiliary
costs cij , cijm, and cijml represent the costs of road trips of length one, two, and three performed
by team i, respectively:

cij = dij + dji, (13)

cijm = dij + djm + dmi, (14)

cijml = dij + djm + dml + dli. (15)

The new variables are used to reformulate TTPFV as model (16)-(21) below, with O(n5) variables.
Although the number of variables increases with respect to the previous formulation, we notice
that the number of constraints is quite smaller.

minF3(w1, w2, w3) =
n−1∑
k=1

n∑
i=1

n∑
j=1

(j,i)∈G

[cijw
1
ijk +

n∑
m=1

(m,i)∈G

(cijmw2
ijmk +

n∑
l=1

(l,i)∈G

cijmlw
3
ijmlk)] (16)

subject to:

n∑
i=1

n∑
j=1

[
∑

k∈{−1,0}

w1
ijk +

n∑
m=1

(
∑

k∈{−1,0,n−1}

w2
ijmk +

n∑
l=1

∑
k∈{−1,0,n−2,n−1}

w3
ijmlk)] = 0 (17)

n−1∑
k=1

{w1
ijk +

n∑
m=1

(m,i)∈G

[(w2
ijmk + w2

imjk) +
n∑

l=1
(l,i)∈G

(w3
ijmlk + w3

imjlk + w3
imljk)]} = 1, ∀(j, i) ∈ G (18)
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n∑
j=1

(j,i)∈G

{w1
ijk +

n∑
m=1

(m,i)∈G

[(w2
ijmk + w2

ijm,k−1) +
n∑

l=1
(l,i)∈G

(w3
ijmlk + w3

ijml,k−1 + w3
ijml,k−2)]}+

+
n∑

j=1
(i,j)∈G

{w1
jik +

n∑
m=1

(m,j)∈G

[(w2
jimk + w2

jmi,k−1) +
n∑

l=1
(l,j)∈G

(w3
jimlk + w3

jmil,k−1 + w3
jmli,k−2)]} = 1,

i = 1, . . . , n, k = 1, . . . , n− 1 (19)

n∑
j=1

(j,i)∈G

{w1
ijk + w1

ij,k+1 +
n∑

m=1
(m,i)∈G

[w2
ijm,k−1 + w2

ijmk + w2
ijm,k+1 +

+
n∑

l=1
(l,i)∈G

(w3
ijml,k−2 + w3

ijml,k−1 + w3
ijmlk + w3

ijml,k+1)]} ≤ 1, i = 1, . . . , n, k = 1, . . . , n− 2 (20)

k+3∑
q=k

{
n∑

j=1
(j,i)∈G

[w1
ijq +

n∑
m=1

(m,i)∈G

((w2
ijmq + w2

ijm,q−1) +
n∑

l=1
(l,i)∈G

(w3
ijmlq + w3

ijml,q−1 + w3
ijml,q−2))]} ≥ 1,

i = 1, . . . , n, k = 1, . . . , n− 4 (21)

w1
ijk ∈ {0, 1}, i, j = 1, . . . , n, with i 6= j, k = −1, . . . , n− 1 (22)

w2
ijmk ∈ {0, 1}, i, j,m = 1, . . . , n, with i 6= j 6= m, k = −1, . . . , n− 1 (23)

w3
ijmlk ∈ {0, 1}, i, j,m, l = 1, . . . , n, with i 6= j 6= m 6= l, k = −1, . . . , n− 1. (24)

The objective function (16) minimizes the total traveled distance. Constraints (17) set to 0 the
variables associated to road trips starting at the dummy rounds -1 and 0, to road trips of size two
and three starting at the last round and those of size three starting at round n − 2. Constraints
(18) ensure each game occurs exactly once. They represent the fact that each game (j, i) ∈ G
should be played in a road trip of team i formed by one, two or three away games. Constraints (19)
enforce that team i is either playing an away game or another team is visiting it in each round.
This is achieved by setting to one the sum of all road trips of team i which include round k with
the sum of all road trips of other teams which visit i in round k. Constraints (20) forbid team i to
be engaged in simultaneous or consecutive (i.e., without returning to its home city) road trips in
round k. Constraints (21) state that team i must be outside its home city to play away at least once
along every four consecutive rounds. Constraints (22)-(24) guarantee the integrality requirements.

This formulation has O(n2) constraints of types (18) to (21).

3 Linear relaxation bounds

We refer to the formulations with O(n3) and O(n5) variables, respectively, as models N3 and N5.
We denote by N3, and N5, respectively, their linear relaxations. Let LB3 and LB5 be, respectively,
the linear relaxation bounds provided by formulations N3 and N5.
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Theorem 1: LB5 ≥ LB3.
Sketch of the proof: Let (w1∗ , w2∗ , w3∗) be an optimal solution to model N5 satisfying constraints
(18)-(21). We build a solution (ŷ, ẑ) to model N3 by defining:

ẑtik = w1∗
itk +

n∑
l=1

(l,i)∈G

[(w2∗
itlk + w2∗

ilt,k−1) +
n∑

m=1
(m,i)∈G

(w3∗
itlmk + w3∗

iltm,k−1 + w3∗
ilmt,k−2)],

t, i = 1, . . . , n, k = 1, . . . , n− 1 (25)

ŷtij =
n−1∑
k=1

[w2∗
tijk +

n∑
l=1

(l,t)∈G

(w3∗
tijlk + w3∗

tlij,k)], t, i, j = 1, . . . , n, with t 6= i 6= j (26)

ŷttj =
n−1∑
k=1

{w1∗
tjk +

n∑
l=1

(l,t)∈G

[w2∗
tjlk +

n∑
m=1

(m,t)∈G

w3∗
tjlmk]}, t, j = 1, . . . , n, with t 6= j (27)

ŷtit =
n−1∑
k=1

{w1∗
tik +

n∑
l=1

(l,t)∈G

[w2∗
tlik +

n∑
m=1

(m,t)∈G

w3∗
tlmik]}, t, i = 1, . . . , n, with t 6= i. (28)

It can be proved by variable substitution that (ŷ, ẑ) satisfies constraints (2)-(12) (i.e., it is feasible
to N3) and that F3(w1∗ , w2∗ , w3∗) = F1(ŷ, ẑ). The result follows, since LB5 = F3(w1∗ , w2∗ , w3∗) =
F1(ŷ, ẑ) ≥ F1(y∗, z∗) = LB3, where (y∗, z∗) is an optimal solution to N3. �

4 Computational results

To evaluate and compare the proposed integer programming models, we created 20 home-away
assignments for each of the national league (nl) TTP instances in [16] with up to 12 teams. Ten
instances in each group have their home-away assignments randomly determined. The other ten
instances correspond to balanced home-away assignments: the venues of all games were randomly
selected and the iterative method in Knust and Thaden [8] was used to balance the home-away
assignments.

The models have been solved by CPLEX 10.0, using the API Concert Technology compiled
with g++ 4.0.2. The computational experiments were performed on a Pentium D machine with a
3.0 GHz processor and 2 Gbytes of RAM memory, running under version 2.6.12 of Linux.

The linear relaxations of the two formulations described in Section 2 were solved for all instances.
The results are summarized in Table 1. For each value of n, the second and third columns of this
table give, respectively, the average lower bounds provided by models N3 and N5 for the feasible
instances. The two last columns give the average and maximum gaps between the bounds LB3 and
LB5, i.e., by how much LB5 improves upon LB3. The average bounds LB5 provided by model N5
are far better than those generated by the other formulation. As an example, the average bound
LB5 for n = 12 improves by more than ten times the average bound LB3.

We also compared the formulations in terms of the solver capability to find optimal integral
solutions. We run CPLEX for at most two hours to solve each instance using each formulation. The
results are shown in Table 2. For each number of teams, we give the number of feasible instances,
the number of instances solved to optimality using models N3 and N5, the average gap between
LB5 and the optimal value F ∗

3 , and the average and maximum times to find an optimal solution
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Table 1: Linear relaxation lower bounds
n avg(LB3) avg(LB5) avg((LB5− LB3)/LB3) (%) max((LB5− LB3)/LB3) (%)
4 2064.41 5162.60 150.08 191.59
6 3290.97 13979.0 331.50 396.69
8 4007.89 21477.0 458.58 550.88
10 3762.23 32504.80 764.71 809.42
12 5667.44 58194.74 935.20 1017.92

using model N5. The two models were able to find the optimal solutions to all small instances with
n ≤ 6. For n = 8, CPLEX was able to solve only five instances to optimality with model N3, but
it was able to find the optimal solutions to all 20 instances with model N5. CPLEX was not able
to solve instances with n > 8. The quality of the lower bounds LB5 (on average at 7.7% from
optimality) helped the solver to find optimal solutions in less than one minute of computation time
for most instances with n = 8.

Table 2: Integral solutions
n Feasible opt(N3) opt(N5) avg((F ∗

3 − LB5)/F ∗
3 ) (%) avg. time (s) max. time (s)

4 20 20 20 0.0 < 0.1 < 0.1
6 17 17 17 2.4 0.2 0.7
8 20 5 20 7.7 25.6 61.8

5 Conclusion

In this paper, we introduced the traveling tournament scheduling problem with fixed venues.Two
integer programming formulations for the problem were proposed. The linear relaxation of the
formulation with O(n5) variables provides the strongest bounds and improves the ability of integer
programming solvers to find optimal solutions.

The quality of the lower bounds LB5 (on average at 7.7% from optimality) helped the solver
to find optimal solutions in less than one minute of computation time for all but one instance with
n = 8. All instances with eight teams were solved in small computation times, but none with 10
teams could be solved in two hours of processing time. This result is similar to those observed for
the TTP, which can be easily solved for n = 6, but is very hard to solve for n = 8.

We are currently investigating the problem of minimizing the number of breaks with fixed
venues. Preliminary work leads to conjecture that the minimal number of breaks with balanced fixed
home-away assignments is always smaller than or equal to the number of teams in the tournament.

References

[1] A. Anagnostopoulos, L. Michel, P. Van Hentenryck, and Y. Vergados (2006), A simulated
annealing approach to the traveling tournament problem, Journal of Scheduling 9, 177 – 193.

[2] G. Durán, T.F. Noronha, C.C. Ribeiro, S. Souyris, and A. Weintraub (2006), Branch-and-cut
for a real-life highly constrained soccer tournament scheduling problem, In Proceedings of the
6th International Conference on the Practice and Theory of Automated Timetabling, 398 –
401.

437

Regular Papers



[3] K. Easton, G.L. Nemhauser, and M. Trick (2002), Solving the travelling tournament problem:
A combined integer programming and constraint programming approach. In Proceedings of
the 4th International Conference on the Practice and Theory of Automated Timetabling, 319
– 330.

[4] K. Easton, G.L. Nemhauser, and M. Trick (2004), Sports scheduling. In J.T. Leung, editor,
Handbook of Scheduling: Algorithms, Models and Performance Analysis, chapter 52, 1 – 19,
CRC Press.

[5] K. Easton, G.L. Nemhauser, and M.A. Trick (2001), The traveling tournament problem
description and benchmarks, In T. Walsh, editor, Principles and Practice of Constraint Pro-
gramming, volume 2239 of Lecture Notes in Computer Science, 580 – 584, Springer.

[6] M. Henz (1999), Constraint-based round robin tournament planning, In D. De Schreye, editor,
International Conference on Logic Programming, 545 – 557.

[7] S. Knust (2005), An RCPSP-based model for scheduling a table tennis league, In Proceedings
of the 7th Workshop on Models and Algorithms for Planning and Scheduling Problems, Siena.

[8] S. Knust and M. von Thaden (2006), Balanced home-away assignments, Discrete Optimization
3, 354 – 365.

[9] R. Miyashiro, H. Iwasaki, and T. Matsui (2002), Characterizing feasible pattern sets with a
minimum number of breaks, In E.K. Burke and P. De Causmaecker, editors, Proceedings of
the 4th International Conference on the Practice and Theory of Automated Timetabling, 311
– 313.

[10] G.L. Nemhauser and M.A. Trick (1998), Scheduling a major college basketball conference.
Operations Research 46, 1 – 8.

[11] R.V. Rasmussen and M.A. Trick (2006), Round robin scheduling - A survey. Technical report,
Department of Operations Research, University of Aarhus.

[12] R.V. Rasmussen and M.A. Trick (2006), The timetable constrained distance minimization
problem. In J.C. Beck and B.M. Smith, editors, Integration of AI and OR Techniques in Con-
straint Programming for Combinatorial Optimization Problems, Lecture Notes in Computer
Science 3990, 167 – 181. Springer.
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