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1 Introduction

The problem studied in this paper originates in a satellite launcher problem. When a satellite
launch is ordered to a launching company, three important parametrers have to be taken into
account : the time window during the satellite must be launched, the satellite mass and the cost
of the satellite launch. When a given set of launches has to be planned, the company has to decide
which satellites will be launched and when these selected launches will be scheduled, with the
objective of maximizing its profit. When a non empty set of satellite launches is assigned to a time
slot, the company has to pay for the installation of a launching platform. Moreover, the total mass
of the launched satellites must not exceed the launching capacity of the platform.

In a formal description of the problem, we consider n unit-length independent jobs J1, · · · , Jn

each of which represents a satellite and has an individual weight wi (to be understood as the weight
of an item in a knapsack problem). For each job Ji, it must be decided whether it will be processed
or not and, in the positive case, in which time-slot of an a priori given time window [ri, di] it must
be performed. A positive gain gi results from deciding to perform Ji and a positive fixed setup cost
Kt is due if time slot [t−1, t] (also denoted by t) is assigned to at least one job. Finally, the sum of
the weights of the jobs performed in any time-slot must not exceed a given capacity C. A solution
S of the problem is a pair (E, s) where :

• E is the subset of the executed jobs,

• s : E 7→ T indicates the time-slots assigned to the jobs of E (to simplify the notation, we
shall write s(i) for s(Ji),

• for any Ji ∈ E, s(i) must be in [ri + 1, di]

• for any time-slot t in s(E), the sum
∑

{j|s(j)=t} wj must be less than C.

The cost of the solution (E, s) is
∑

t∈s(E) Kt −
∑

j∈E gj (the opposite of this expression is of course
the total benefit) and the problem is to find a minimum-cost solution.

Our problem is clearly NP-complete since finding if there is a schedule with makespan less than
2 such that all the jobs are processed can be reduced to the PARTITION problem. We can also
reduce 3-PARTITION to our problem, which proves that it is strongly NP-hard. The goal of this
work is to study some polynomial special cases. Some cases are special cases of classical scheduling
problems.

• The single-machine case, that is C = 1 and wj = 1 for all j is easy. As at most one job
can be scheduled in any time slot, we simply have an assignment problem between jobs and
time-slots where the cost to assign slot t to job Jj is given by Kt − gj .

• When there are no setup costs, that is Kt = 0 for all t, the objective function is equivalent
to the sum of tardy jobs since a tardy job can be regarded as a non-processed job. Van den
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Akker and Hoogeveen propose a survey of these problems [2]. Other authors have also studied
the presence of rejection penalties in addition to other scheduling costs such as the weighted
flow time [3] or the sum of tardiness [1].

In this paper we propose a dynamic-programming polynomial algorithm for the special case
with unit weights, a common gain (i.e: gj = g) and agreeable time windows. We recall that time
windows are agreeable if ri < rj ⇒ di ≤ dj . It means that jobs are numbered in the order of the
release dates (and deadlines).

2 The dynamic programming algorithm

We first propose a simple dominance property that is valid even without the assumption of agreeable
time windows.

Property 1 There is an optimal solution (E, s) such that for any two jobs Ji and Jj in E such

that s(i) < s(j), then either di ≤ dj or s(i) + 1 ≤ rj .

Proof. — Assume that an optimal solution (E, s) is such that for two jobs Ji and Jj in E we have
s(i) < s(j), di > dj and s(i) + 1 > rj . By exchanging the time slots of the jobs Ji and Jj , we
still get an optimal solution. We may then repeat the above transformation until the property is
satisfied.

The next dominance property basically relies on the dominance property:

Property 2 There is an optimal solution (E, s) such that i < j ⇒ s(i) ≤ s(j).

Proof. — Assume that an optimal solution (E, s) is such that for two jobs Ji and Jj in E we have
s(i) > s(j) and i < j. From the agreeable time windows assumption, we have ri ≤ rj < s(j) <

s(i) ≤ di ≤ dj. By exchanging the time slots of the jobs Ji and Jj , we still get an optimal solution.
We may then repeat the above transformation until the property is satisfied.

Let (a0, · · · , aq) be the ordered list of the distinct release times and deadlines. Clearly, q < 2n.

Property 3 There is an optimal solution (E, s) such that if the jobs Ji and Jj are scheduled in

the time interval [at−1, at], then any job Jk with i < k < j is also scheduled in this interval.

Proof. — Consider an optimal schedule satifying Property 2. Assume that Jk is not processed in
[at−1, at] while Ji and Jj (i < k < j)) are scheduled in this interval. From Property 2, we know
that Jk is not processed. Since there is no deadline in the interval, Jk is available at any time point.
Therefore we can replace Jj by Jk and eventually reorder the jobs according to their index. We
may then repeat the above transformation until the property is satisfied.

As a consequence of this property, the set of jobs processed in any [at−1, at] is an interval of jobs
Ji, Ji+1, · · · , Jj . These j − i + 1 jobs are clearly scheduled in nij = ⌈(j − i + 1)/C⌉ time-slots which
correspond to the smallest nij values of the setup costs in this interval. Therefore, the associated
cost only depends on the number of jobs in the interval and is accordingly denoted by κt(j − i+1).
By convention, if j − i + 1 > (at − at−1)C, then we cannot schedule all these jobs and we set
κt(j − i + 1) = +∞.

For any t ∈ {0, · · · , q} and any j ∈ {0, · · · , n}, we define the subproblem Π(j, t) as follows: the
jobs of Π(j, t) are {J1, · · · , Jj} and for each job Ji, its release time is still ri and its deadline becomes
min{at, di}. Note that Π(n, q) is the original problem.
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Along with subproblem Π(j, t), we define π(j, t) to be the value of an optimal solution of Π(j, t)
and we show that π(j, t) satisfies a recurrence equation.

Let us first observe that an optimal solution of Π(j, t) satisfies Property 3. Therefore, in such
an optimal solution, the jobs scheduled in [at−1, at] are Ji, · · · , Ji′ . If dj < at, then dj ≤ at−1 and no
job among {J1, · · · , Jj} can be scheduled in the last interval [at−1, at]. Therefore π(j, t) = π(j, t−1).

Let us now assume that dj ≥ at. If i′ 6= j, we can get a new optimal schedule by replacing
the last i′ − i + 1 jobs by the jobs Ji−i′+j, · · · , Jj . Therefore, if there are l jobs in the last interval
[at−1, at], then the cost of the schedule is given by π(j− l, t−1)+κt(l). Since all the jobs in [at−1, at]
must be release before at−1, we have:

π(j, t) =

{
π(j, t − 1) if dj < at

min{π(j − l, t − 1) + κt(l) | 0 ≤ l ≤ j and rj−l+1 ≥ at−1} if dj ≥ at

We clearly have π(j, 0) = 0 for all j and π(0, t) = 0 for all t. From these values, the dynamic
program can be run.

All the functions κt are piecewise constant and can be built in O(T log T ) time where T = aq

is the horizon of the schedule. Each value π(j, t) can be computed in O(n) time, which means
that all the values are computed in O(n3) time. Therefore, the time complexity of the algorithm is
O(T log T + n3). In the special case where all the setup costs are equal to a common constant K,
the values κt(l) can be evaluated in constant time and the time complexity is in O(n3).
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