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This paper deals with a common due date parallel machines scheduling problem in which each job
has a different tardiness penalty. The objective is to minimize the total weighted tardiness. The
scheduling problem of minimizing the total weighted tardiness with a common due date on a single
machine is known to be ordinary NP-hard. This is also the case for problem Pm|di = d|

∑
wiTi. A

new dynamic programming algorithm is proposed to solve the 1|di = d|
∑

wiTi scheduling problem
and a fully polynomial time approximation scheme (FPTAS) is deduced from this algorithm. We
show that the complexity of this FPTAS is better than existing one. These results are generalized
to the parallel machines scheduling case.

Keywords: Multi-processor Scheduling; Weighted Tardiness; Dynamic Programming Algorithm;
Approximation Scheme.

1 Introduction

Lawler and Moore [5] are the first ones who paid attention to tardiness scheduling problems
for the last 40 years. In this paper, we consider the scheduling problem where n jobs J1, . . . , Jn

have to be scheduled without preemption on m identical parallel machines (m ≥ 1). Each job is
described by a processing time pi, a positive integer tardiness penalty wi, and a common due date
di = d, d ≥ 0. All jobs are available at time zero. We denote by Si the starting time of Ji and by
Ci its completion time.

As defined in [2], a job Ji can belong to one of the following three states:

1. early job if Ci < d,

2. fully-tardy job if Si > d,

3. straddling job if Si < d and Ci ≥ d.

The tardiness of Ji, denoted by Ti is defined by Ti = max(0, Ci−d). So, if Ji is completed before
the due date (Ci < d) there is no penalty. Otherwise, there is a job-dependent tardiness penalty
given by wi×Ti. The objective is to minimize the sum of tardiness penalties (

∑n
i=1 wiTi). According

to the standard scheduling notation, the considered problem is denoted by Pm|di = d|
∑

wiTi,
m ≥ 1.

If m = 1, the problem 1|di = d|
∑

wiTi is proved to be NP-hard in the ordinary sense [8]. In
[5], the authors propose a dynamic programming algorithm with complexity O(n2d). Kolliopoulos
and Steiner [3] determine a fully polynomial-time approximation scheme (FPTAS) for the problem
1|di = d|

∑
wi(Ti + d). So, even an optimal sequence for 1|di = d|

∑
wi(Ti + d) is also optimal

in the case of minimizing
∑

wiTi but an ǫ-approximation for the first cannot guarantee the same
approximation scheme for the second.

For problem 1|di = d|
∑

wiTi, Kellerer and Strusewich [2] determine a FPTAS with complexity
O((n6logW )/ǫ3) (W is the sum of weights).
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In the case of m identical parallel machines, the problem Pm|di = d|
∑

wiTi, for a fixed m

(m ≥ 2), is NP-Hard and does not accept a polynomial ρ-approximation algorithms. In fact, the
special case Pm|di = d|

∑
Ti where wi = 1, (∀i, i = 1, . . . , n), is NP-Hard [1] and does not accept

any polynomial ǫ-approximation algorithms with ǫ < ∞ unless P = NP [4]. However, in [4] the
authors propose two approximation algorithms with guaranted performances. They show that the
value of the solution given by one of the two approximation algorithms, denoted by X0, satisfies
the following inequality (X0 − X∗)/(X∗ + d) ≤ ǫ (X∗ corresponds to optimal solution value).

In this study, we propose both dynamic programming algorithms and FPTAS for the single
machine and parallel machine scheduling problem. However, the FPTAS for m parallel machines
is valid under condition P > md where P is the total processing time.

This paper is organized as follows. Section 2 is dedicated to the single machine scheduling
problem (m = 1). In this section, we describe the new proposed dynamic programming algorithm
with complexity O(n2d). Then, we will show how to transform this algorithm to a FPTAS, which
can be runned in O(h(W,P, d) × n3/ǫ) time where W is the sum of weights, and h(W,P, d) is
a polynomial function of W , P and d. In Section 3, the DP algorithm and the approximation
algorithm are extended to the parallel machine scheduling problem.

2 Single machine scheduling problem

This section deals with problem 1|di = d|
∑

wiTi. We remark that if d = 0, the problem is equivalent
to 1||

∑
wiCi that can be solved in O(n log n). In the case where d 6= 0 we propose an optimal

pseudo-polynomial time algorithm with a complexity O(n2d).
The two following properties are well known [5] or trivial:

Property 1 : There always exist an optimal schedule where:

• there is no idle times between jobs,

• the early jobs are scheduled in an arbitrary order,

• the fully-tardy jobs are scheduled in a non-decreasing order of pi/wi.

Property 2: There is an optimal solution where the early jobs are scheduled according to a
non-decreasing order of pi/wi.

To find an optimal solution we have to determine the straddling job and the set of early jobs.
Finding the early job set can be viewed as solving a knapsack problem, where the objective is to
maximize the penalty cost. So, we propose a dynamic programming algorithm where an optimal
solution is calculated according to the following three steps.

1. at iteration k, let Jk be the straddling job.

2. we consider an initial solution where all jobs except Jk are scheduled after date d, i.e. there
is no early job. To minimize the sum of weighted tardiness penalty of this initial solution,
the jobs are scheduled according to the non-decreasing order of pi/wi, called WSPT.

3. we determine an optimal set of early jobs of total length strictly less than d.

It means that we have n choices for the straddling job. To illustrate the DP algorithm, let us
study the following example. At the kth iteration, the job Jk is considered as the straddling job.
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Let Ji1 , Ji2 and Ji3 be the only three jobs that can be early (the processing time of the other
jobs exceeds d) (see Fig. 1). Let Z(k)(i) be the cost of job Ji in the initial solution and F (k)(i) be
the reduction cost that corresponds to moving Ji to the early set. Let Z(k) be the total cost that
we have to maximize at iteration k. The final cost is denoted by F (k)(n).

In the initial solution, let n1 be the number of jobs scheduled between Jk and Ji1 , n2 be the
number of jobs between Ji1 and Ji2 , n3 be the number of jobs between Ji2 and Ji3 , n4 be the
number of jobs after Ji3 . We have n = n1 + n2 + n3 + n4 + 4.

Let W
(k)
n1 be the sum of the weights of the n1 jobs, W

(k)
n2 be the sum of the weights of the n2

jobs, W
(k)
n3 be the sum of the weights of the n3 jobs, etc.

-
Jk n1 jobs Ji1 n2 jobs Ji2 n3 jobs Ji3 n4 jobs

d

Figure 1: example - first step

First, if Ji1 is early, it means that this job is scheduled without tardy penalty (see Fig. 2) and
the reduction cost is given by the following formula:

F (k)(Ji1) = Z(k)(Ji1) + pJi1
× (W

(k)
n2 + wJi2

+ W
(k)
n3 + wJi3

+ W
(k)
n4 )

-
Jk n1 jobsJi1 n2 jobs Ji2 n3 jobs Ji3 n4 jobs

d

Figure 2: example - second step

By moving Ji2 in the early job set (see Fig. 3), we have:

F (k)(Ji2) = F (k)(Ji1) + Z(k)(Ji2) + pJi2
.(W

(k)
n3 + wJi3

+ W
(k)
n4 ) − pJi1

.wJi2

-
Jk n1 jobsJi1 n2 jobsJi2 n3 jobs Ji3 n4 jobs

d

Figure 3: example - third step

Finally, F (k)(Ji3) = F (k)(Ji2) + Z(k)(Ji3) + pJi3
W

(k)
n4 − wJi3

(pJi1
+ pJi2

) (see Fig. 4).

-
Jk n1 jobsJi1 n2 jobsJi2 n3 jobsJi3 n4 jobs

d

Figure 4: example - last step

To solve the problem, we propose the following algorithm, noted WTSMCDD ( Weighted
Tardiness scheduling problem in a Single Machine with Common Due Date).
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For each k, k = 1, . . . , n, we have (n−1)×d iterations. Consequently, the algorithm complexity
is O(n2d). This algorithm gives a global optimal solution since we can determine a local optimal
solution for each sub-problem corresponding to the straddling job k. Of course, at each iteration
k and at any time 0 ≤ t < d, F (k)(n, t) defines a sub-set of early jobs, sequenced according to the
WSPT rule. The reduction given by this sub-set corresponds to the large reduction of the total
cost of solution k. So, we can compare all the possible cases for Sk = t where d − pk ≤ Sk < d.
This comparison can be done according to the following formula:

Z(k)−F (k)(n, t)+(Sk+pk−d)wk+(Sk+pk−d)W ′(k)(n, t) = Z(k)−F (k)(n, t)+(t+pk−d)(W ′(k)(n, t)+wk)

where Z(k) − F (k)(n, t) is the weighted tardiness of the late job; (Sk + pk − d)wk is the weighted
tardiness of the straddling job Jk, and (Sk + pk − d)(W ′(k)(n, t) is the weighted tardiness defined
by the late job set’s movement at the time (Sk + pk − d).

Let’s remind that in Lawler’s solution, the early jobs are scheduled according to WLPT rule
( Weighted Longest Processing Time). However, in our solution the early jobs are scheduled
according to the WSPT rule. This DP algorithm allows finding a FPTAS.

In the following section, we propose a FPTAS based on the dynamic programming algorithm.
In [2], the authors propose an FPTAS with complexity O((n6 log W )/ǫ3). Even the complexity of
our DP algorithm have the same one to the DP of Lawler and Moore [5], the FPTAS we propose
has a complexity in O(Wn3/ǫ).

Algorithm 1 WTSMCDD: 1|di = d|
∑

wiTi

1: // The jobs are supposed to be sorted according to WSPT //
2: for k = 1 to n do

3: // Let Jk be the straddling job //

4: Z(k)(i) = wiTi; Z(k) =
∑

(i=1...n,i6=k) Z(k)(i)

5: F (k)(0, 0) = 0 ; F (k)(0, t) = -∞, if t 6= 0

6: W (k)(0) =
∑n

j=1(wj) − wk ; W ′(k)(0, t) = W (k)(0)

7: for i = 1 to n, i 6= k do

8: Z(k)(i) = wiTi; W (k)(i) = W (k)(i − 1) − wi

9: for t = 0 to d − 1 do

10: F (k)(i, t) = max(F (k)(i−1, t), F (k)(i−1, t−pi)+Z(k)(i)+piW
(k)(i)−wi(t−pi))

11: if (F (k)(i, t) = F (k)(i − 1, t)) then

12: W ′(k)(i, t) = W ′(k)(i − 1, t)
13: else

14: W ′(k)(i, t) = W ′(k)(i − 1, t − pi) − wi

15: endif

16: endfor

17: endfor

18: S(k) = mind−1
t=d−pk

(Z(k) − F (k)(n, t) + (t + pk − d)(W ′(k)(n, t) + wk)

19: endfor

20: The optimal schedule corresponds to the sequence minimizing S(k).

Figure 5: Algorithm WTSMCDD
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2.1 Lower bound

To prove that the considered problem accepts a FPTAS, we first calculate a lower bound. Let
LB be the lower bound. We have LB = wmin × (P − d), where wmin = mini=1,...,n{wi} and
P =

∑
i=1,...,n pi (the total processing time).

It is easy to show that LB is a lower bound. Of course, if P ≤ d we have LB ≤ 0 =
∑

(wiTi).
Otherwise, there exists at least one late job (a straddling job). The last job in a given sequence
must be penalized by w[n](P − d) ≥ wmin(P − d). This penalty is less than or equal to the total
weighted tardiness of the sequence.

2.2 Approximation algorithm

For a feasible schedule π, let Ti(π) (Ci(π), Si(π)) be the tardiness of job Ji (the completion time of
job Ji, and the starting time of job Ji) in sequence π; let T (π) (X(π)) be the total tardiness cost
(the total weighted tardiness cost) of sequence π.
Following the idea presented in [7] to determine a FPTAS for knapsack problem, we define a new
instance as follows:

• Given ǫ > 0, let W =
∑n

i=1(wi) and

K =
ǫLB

Wn
=

ǫwmin(P − d)

Wn
(1)

• For each job Ji, i = 1, . . . , n, we define a new processing time as follows: p′i =
⌊ pi

K

⌋
.

• Let d′ = d
K

.

• Let X ′(πA) be the total weighted tardiness cost that corresponds to the optimal solution πA

given by the previous algorithm WTSMCDD applied on the new processing times p′i.

Let π∗ be the optimal schedule and let X(π∗) be its value. We have

X ′(πA) ≤ X ′(π∗) (2)

and
X(πA) ≥ X(π∗) (3)

For any job Ji, we have:
Kp′i ≤ pi (4)

and
pi ≤ K(p′i + 1) (5)

¿From (4), we have: ⇒ K
∑n

j=1(p
′

j) ≤
∑n

j=1(pj)
Therefore, since there is no iddle time between jobs, for the sequence π, we have:
⇒ KC ′

i(π) ≤ Ci(π)
⇒ KC ′

i(π) − d ≤ Ci(π) − d

⇒ KT ′

i (π) ≤ Ti(π)
⇒ KwiT

′

i (π) ≤ wiTi(π)
⇒ KX ′

i(π) ≤ Xi(π) (6)
From (5) : ⇒

∑n
j=1(pj) ≤ K

∑n
j=1(p

′

j + 1)
⇒

∑n
j=1(pj) ≤ Kn + K

∑n
j=1(p

′

j)
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⇒ Ci(π) ≤ Kn + KC ′

i(π)
⇒ Ci(π) − d ≤ Kn + KC ′

i(π) − Kd′

⇒ Ti(π) ≤ Kn + KT ′

i (π)
⇒ wiTi(π) ≤ wiKn + wiKT ′

i (π)
⇒ X(π) ≤ WKn + KX ′(π)
Precisely, for the sequence πA we have: ⇒ X(πA) ≤ KX ′(πA) + WKn

From (2) ⇒ X(πA) ≤ KX ′(π∗) + WKn

From (6) ⇒ X(πA) ≤ X(π∗) + WKn

From (1) ⇒ X(πA) ≤ X(π∗) + ǫwmin(P − d)
⇒ X(πA) ≤ X(π∗) + ǫLB

⇒ X(πA) ≤ (1 + ǫ)X(π∗)

Thus, the running time of the algorithm is O(n2d′) = O(n2d/K) = O( dW
wmin(P−d) .

n3

ǫ
) which is

polynomial in n and (1/ǫ). So, we have a fully polynomial time approximation scheme.

Remark: If d ≤ Pwmin

wmin+1 , the complexity becomes more simple and corresponds to O(Wn3

ǫ
).

3 Identical parallel machines scheduling problem

In this section, the scheduling problem Pm|di = d|
∑

wiTi with fixed m is studied. It is easy
to show that there exists an optimal solution with at least one job scheduled on each machine
(n ≥ m). Consequently, we have the following property:

Property 3 : There exists an optimal solution with exactly m straddling jobs.

Proof: Let π∗ be an optimal sequence. In π∗ we suppose that there is not straddling job on a
machine Mj . Let Jk be the last job from the early job set scheduled on Mj in π∗ (i.e. Ck < d).
Then we can move the job Jk to the right until Ck = d without increasing the tardiness penalty.
By definition Jk becomes the jth straddling job.

So, it is possible to construct an optimal solution with idle times between early job set and the
straddling job without increasing the total tardiness penalties.

Let’s consider the case m = 2. As in the case of a single machine, we assume that the jobs are
sorted according to WSPT rule. Firstly we choose two straddling jobs and the remaining jobs are
executed on the first machine after the completion time of the straddling job assigned to the first
machine. It means that all jobs are late. Then, we try to assign each job to one machine in order to
be scheduled in the time interval [0, d]. If it is not possible, the current job is assigned to the second
machine and scheduled after the completion date of the straddling job in the second machine. So
the complexity of this algorithm is O(n3d2p2

maxP ) where pmax = maxn
pi=1{pi} and P =

∑n
pi=1{pi}

(see Algorithm 6).
Hence, following the same idea and for any fixed m ≥ 2 we can determine a DP algorithm with

a complexity O(nm+1dmpm
maxPm−1), which is pseudo-polynomial.

In [4] the authors show that there is no polynomial ǫ-approximation algorithm for problem
Pm|di = d|

∑n
i=1 Ti with ǫ < ∞ unless P = NP .

However, if P > md then we can show that the considered problem accepts a FPTAS. It
is obtained by following the same idea of the FPTAS proposed in the case of a single machine
scheduling problem. However, K is given by: K = ǫLBm

Wn
, where LBm is a lower bound given by

LBm = wminZ where Z corresponds to the optimal value of Pm||Cmax.
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Algorithm 2 WTP2CDD: P2|di = d|
∑

wiTi

1: Order the jobs according to increasing ratios pi/wi

2: for k ∈ {1 . . . n} and l ∈ {1 . . . n} and k 6= l do

3: /*Let Jk, Jl be the straddling jobs in the first and second machine, respec-
tively.*/

4: for Sk ∈ {d − pk, . . . , d − 1} and Sl ∈ {d − pl, . . . , d − 1} do

5: Calculate the tardiness cost T (k,l,Sk,Sl)(i) i/∈l,k such that Ji begins after Ck

6: Z(k,l,Sk,Sl)(i) = wiT
(k,l,Sk,Sl)(i)

7: Z(k,l,Sk,Sl) =
∑n

(i=1,i6=k,l) Z(k,l,Sk,Sl)(i)

8: F (k,l,Sk,Sl)(0, 0, 0, Sl + pl − d) = 0

9: F (k,l,Sk,Sl)(0, t1, t2, t3) = -∞, if t1 6= 0, t2 6= 0 and t3 6= (Sl + pl − d)

10: W (k,l,Sk,Sl)(0) =
∑n

j=1(wj) − wk − wl

11: W ′(k,l,Sk,Sl)(0, t) = W (k,l,Sk,Sl)(0)
12: for i ∈ {1, . . . , n}, i 6= k, i 6= l do

13: Z(k,l,Sk,Sl)(i) = wiTi

14: W (k,l,Sk,Sl)(i) = W (k,l,Sk,Sl)(i − 1) − wi

15: for t1 ∈ {0, . . . , Sk} and t2 ∈ {0, . . . , Sl} and t3 ∈ {0, . . . , P} do

16: m0 = F (k,l,Sk,Sl)(i − 1, t1, t2, t3)

17: m1 = F (k,l,Sk,Sl)(i − 1, t1 − pi, t2, t3) + Z(k,l,Sk,Sl)(i) + piW
(k,l)(i) − wi(t1+ t2 +

t3 − pi)

18: m2 = F (k,l,Sk,Sl)(i − 1, t1, t2 − pi, t3) + Z(k,l,Sk,Sl)(i) + piW
(k,l)(i) − wi(t1+ t2 +

t3 − pi)

19: m3 = F (k,l,Sk,Sl)(i − 1, t1, t2, t3 − pi) + Z(k,l,Sk,Sl)(i) + piW
(k,l)(i) − wi(t1 + t2 +

t3 − pi) − wit3
20: F (k,l,Sk,Sl)(i, t1, t2, t3) = max{m0,m1,m2,m3}
21: endfor

22: endfor

23: S(k,l)(Sk, Sl) = minSk

t1=0 minSl

t2=0 minP
t3=0

(
Z(k,l,Sk,Sl) − F (k,l,Sk,Sl)(n, t1, t2, t3)

)

24: S(k, l) = minSk=d−pk...(d−1),Sl=d−pl...(d−1) S(k,l)(Sk, Sl)

25: endfor

26: endfor

27: The optimal schedule corresponds to the sequence defined by the straddling
jobs Jk and Jl in which S is minimized.

Figure 6: Algorithm WTP2CDD

So, LBm ≤ wmin(P − md) > 0 since P > md. Hence, the FPTAS’s complexity is bounded by

O(H n3m

ǫ2m−1 ) with H = dmpm
maxPm−1( W

wmin(P−md))
2m−1.

In the case where d = 0, the DP algorithm can solve the Pm||
∑

wiCi problem.

4 Conclusion

This paper deals with single machine and identical parallel machines scheduling problems with
a common due date. The objective is to minimize the total weighted tardiness penalties. A new
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DP algorithm is developped for the single machine scheduling problem with a complexity identical
to the complexity of Lawler’s DP. The DP allows defining a FPTAS with complexity less than the
best one of the literature. We also show how to transform these results in order to solve the case
with m identical parallel machines.
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