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This paper deals with a common due date parallel machines scheduling problem in which each job
has a different tardiness penalty. The objective is to minimize the total weighted tardiness. The
scheduling problem of minimizing the total weighted tardiness with a common due date on a single
machine is known to be ordinary NP-hard. This is also the case for problem Pm|d; = d| Y w;T;. A
new dynamic programming algorithm is proposed to solve the 1|d; = d| > w;T; scheduling problem
and a fully polynomial time approximation scheme (FPTAS) is deduced from this algorithm. We
show that the complexity of this FPTAS is better than existing one. These results are generalized
to the parallel machines scheduling case.

Keywords: Multi-processor Scheduling; Weighted Tardiness; Dynamic Programming Algorithm;
Approximation Scheme.

1 Introduction

Lawler and Moore [5] are the first ones who paid attention to tardiness scheduling problems
for the last 40 years. In this paper, we consider the scheduling problem where n jobs Ji,...,J,
have to be scheduled without preemption on m identical parallel machines (m > 1). Each job is
described by a processing time p;, a positive integer tardiness penalty w;, and a common due date
d; = d,d > 0. All jobs are available at time zero. We denote by S; the starting time of J; and by
C; its completion time.

As defined in [2], a job J; can belong to one of the following three states:

1. early job if C; < d,
2. fully-tardy job if S; > d,
3. straddling job if S; < d and C; > d.

The tardiness of J;, denoted by T; is defined by T; = maz(0, C; —d). So, if J; is completed before
the due date (C; < d) there is no penalty. Otherwise, there is a job-dependent tardiness penalty
given by w; X T;. The objective is to minimize the sum of tardiness penalties (} i ; w;T;). According
to the standard scheduling notation, the considered problem is denoted by Pmld; = d| > w;T;,
m > 1.

If m = 1, the problem 1|d; = d| Y. w;T; is proved to be NP-hard in the ordinary sense [8]. In
[5], the authors propose a dynamic programming algorithm with complexity O(n?d). Kolliopoulos
and Steiner [3] determine a fully polynomial-time approximation scheme (FPTAS) for the problem
1ld; = d| >, wi(T; + d). So, even an optimal sequence for 1|d; = d| > w;(T; + d) is also optimal
in the case of minimizing Y w;T; but an e-approximation for the first cannot guarantee the same
approximation scheme for the second.

For problem 1|d; = d| > w;T;, Kellerer and Strusewich [2] determine a FPTAS with complexity
O((nSlogW)/e®) (W is the sum of weights).
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In the case of m identical parallel machines, the problem Pm|d; = d| > w;T;, for a fixed m
(m > 2), is NP-Hard and does not accept a polynomial p-approximation algorithms. In fact, the
special case Pm|d; = d| Y. T; where w; = 1, (Vi,i = 1,...,n), is NP-Hard [1] and does not accept
any polynomial e-approximation algorithms with € < oo unless P = NP [4]. However, in [4] the
authors propose two approximation algorithms with guaranted performances. They show that the
value of the solution given by one of the two approximation algorithms, denoted by X0, satisfies
the following inequality (X° — X*)/(X* +d) < e (X* corresponds to optimal solution value).

In this study, we propose both dynamic programming algorithms and FPTAS for the single
machine and parallel machine scheduling problem. However, the FPTAS for m parallel machines
is valid under condition P > md where P is the total processing time.

This paper is organized as follows. Section 2 is dedicated to the single machine scheduling
problem (m = 1). In this section, we describe the new proposed dynamic programming algorithm
with complexity O(n?d). Then, we will show how to transform this algorithm to a FPTAS, which
can be runned in O(h(W, P,d) x n3/¢) time where W is the sum of weights, and h(W, P,d) is
a polynomial function of W, P and d. In Section 3, the DP algorithm and the approximation
algorithm are extended to the parallel machine scheduling problem.

2 Single machine scheduling problem

This section deals with problem 1|d; = d| Y w;T;. We remark that if d = 0, the problem is equivalent
to 1|| Y- w;C; that can be solved in O(nlogn). In the case where d # 0 we propose an optimal
pseudo-polynomial time algorithm with a complexity O(n?d).

The two following properties are well known [5] or trivial:

Property 1 : There always exist an optimal schedule where:
e there is no idle times between jobs,
e the early jobs are scheduled in an arbitrary order,
e the fully-tardy jobs are scheduled in a non-decreasing order of p;/w;.

Property 2: There is an optimal solution where the early jobs are scheduled according to a
non-decreasing order of p;/w;.

To find an optimal solution we have to determine the straddling job and the set of early jobs.
Finding the early job set can be viewed as solving a knapsack problem, where the objective is to
maximize the penalty cost. So, we propose a dynamic programming algorithm where an optimal
solution is calculated according to the following three steps.

1. at iteration k, let Ji be the straddling job.

2. we consider an initial solution where all jobs except J; are scheduled after date d, i.e. there
is no early job. To minimize the sum of weighted tardiness penalty of this initial solution,
the jobs are scheduled according to the non-decreasing order of p;/w;, called WSPT.

3. we determine an optimal set of early jobs of total length strictly less than d.

It means that we have n choices for the straddling job. To illustrate the DP algorithm, let us
study the following example. At the kth iteration, the job Ji is considered as the straddling job.
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Let J;,, Ji, and J;, be the only three jobs that can be early (the processing time of the other
jobs exceeds d) (see Fig. 1). Let Z(*)(i) be the cost of job .J; in the initial solution and F®*)(3) be
the reduction cost that corresponds to moving J; to the early set. Let Z (k) be the total cost that
we have to maximize at iteration k. The final cost is denoted by F*)(n).

In the initial solution, let nl be the number of jobs scheduled between J; and J;,, n2 be the
number of jobs between J;, and J;,, n3 be the number of jobs between J;, and J;;, n4 be the
number of jobs after J;;. We have n =nl +n2 +n3 +n4d + 4.

Let Wr(ff) be the sum of the weights of the nl jobs, Wég) be the sum of the weights of the n2
jobs, Wég) be the sum of the weights of the n3 jobs, etc.

Jki nl jobs| J;; |n2 jobs| J;, |n3 jobs| Ji; |n4 jobs
| d.

Figure 1: example - first step

First, if J;, is early, it means that this job is scheduled without tardy penalty (see Fig. 2) and
the reduction cost is given by the following formula:

F®(J;,) = ZW () + pa,, % (Ws) + wy, + W + wy,, + W)

Jiy Ji [n1 jobs|n2 jobs| Ji, |n3 jobs| Ji; [n4 jobs

Figure 2: example - second step

By moving J;, in the early job set (see Fig. 3), we have:

F® (1) = FO (1) + 2% (1) + pa, (WS +ws, + W) —p, s,

Jiy | Jiy Jy
di

nl jobs|n2 jobs|n3 jobs| Ji, |n4 jobs

Figure 3: example - third step

Finally, F®)(J;,) = F® () + 20 (J;,) +ps,, W —ws,, (0, +pa,,) (see Fig. 4).

Jiy | Jig | Jig Jy |nl jobs|n2 jobs|n3 jobs|nd jobs

Figure 4: example - last step

To solve the problem, we propose the following algorithm, noted WTSMCDD ( Weighted
Tardiness scheduling problem in a Single Machine with Common Due Date).
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For each k,k =1,...,n, we have (n—1) x d iterations. Consequently, the algorithm complexity
is O(nd). This algorithm gives a global optimal solution since we can determine a local optimal
solution for each sub-problem corresponding to the straddling job k. Of course, at each iteration
k and at any time 0 < t < d, F(%) (n,t) defines a sub-set of early jobs, sequenced according to the
WSPT rule. The reduction given by this sub-set corresponds to the large reduction of the total
cost of solution k. So, we can compare all the possible cases for S = t where d — pi, < S < d.
This comparison can be done according to the following formula:

70 —FO (0, )+ (Sptpr—d)wp+(Sptpe—d) W' (n, £) = 20 —FO (0, )+ (t4p—d) (WS (1, £)+wy.)

where Z() — F*)(n,t) is the weighted tardiness of the late job; (Sy 4+ pr — d)wy, is the weighted
tardiness of the straddling job J, and (Sy 4 px — d)(W'*)(n,t) is the weighted tardiness defined
by the late job set’s movement at the time (Sk + pr — d).

Let’s remind that in Lawler’s solution, the early jobs are scheduled according to WLPT rule
( Weighted Longest Processing Time). However, in our solution the early jobs are scheduled
according to the WSPT rule. This DP algorithm allows finding a FPTAS.

In the following section, we propose a FPTAS based on the dynamic programming algorithm.
In [2], the authors propose an FPTAS with complexity O((n%log W)/e3). Even the complexity of
our DP algorithm have the same one to the DP of Lawler and Moore [5], the FPTAS we propose
has a complexity in O(Wn?/e).

Algorithm 1 WTSMCDD: 1|d; = d| > w;T;

1 // The jobs are supposed to be sorted according to WSPT //
2 for k=1tondo

3 // Let Jj, be the straddling job //

4: Z(k)(i) = w;13; AR Z(i:l,”mi;ﬁk) Z(k)(i)

5: F®)(0,0) =0; F®(0,t) = -00, if t #0

6: WW(0) = 0 (w)) — wy ; WH(0,1) = WH(0)

7 for i=1ton,i+#kdo

8

9

ZW) (i) = wiTy; WE (1) = WE (G — 1) — w;

: fort=0tod—1do
10: FR) (it) = max(F® (i—1,t), F®) (i —1,t —p;) + Z®) (i) +p; W E) (i) —w; (t —p;))
11: if (F)(i,t) = F®)(i —1,t)) then
12: | Wi, t) = W'H (i —1,1)
13: else
14: | W (i,t) = WHE (i —1,t — p;) — w;
15: endif
16: endfor
17: endfor
18: Sk) = minf:_;_pk (Z®) — FE)Y(n t) + (t + pr, — d)(W'FE) (n,t) + wy)
19: endfor

20: The optimal schedule corresponds to the sequence minimizing S®*).

Figure 5: Algorithm WTSMCDD
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2.1 Lower bound

To prove that the considered problem accepts a FPTAS, we first calculate a lower bound. Let
LB be the lower bound. We have LB = wpn X (P — d), where wp;, = min;—__,{w;} and
P =3, npi (the total processing time).

It is easy to show that LB is a lower bound. Of course, if P < d we have LB < 0 = > (w;T).
Otherwise, there exists at least one late job (a straddling job). The last job in a given sequence
must be penalized by w,(P — d) > Wi (P — d). This penalty is less than or equal to the total
weighted tardiness of the sequence.

2.2 Approximation algorithm

For a feasible schedule 7, let T;(7) (C;(w), S;(7)) be the tardiness of job J; (the completion time of
job J;, and the starting time of job J;) in sequence ; let T'(7) (X (7)) be the total tardiness cost
(the total weighted tardiness cost) of sequence .

Following the idea presented in [7] to determine a FPTAS for knapsack problem, we define a new
instance as follows:

e Given € >0, let W =37, (w;) and

eLB . €’wmm(P — d)
Wn Wn

K:

e For each job J;, i = 1,...,n, we define a new processing time as follows: p, = L%J
o Letd = %

e Let X'(m4) be the total weighted tardiness cost that corresponds to the optimal solution 74
given by the previous algorithm WTSMCDD applied on the new processing times p}.

Let 7* be the optimal schedule and let X (7*) be its value. We have

X'(ma) < X' (%) (2)
and
X(ra) > X(n%) (3)
For any job J;, we have:
Kp; <p;i (4)
and
pi < K(p;+1) (5)

(From (4), we have: = K 377 (p}) < 371 (pj)

Therefore, since there is no iddle time between jobs, for the sequence 7, we have:
= KCl(n) < Ci(n)

= KCl(n)—d < Ci(m)—d

= KT/(m) < T;(m)
(

< Xi(r) (6)
From (5) : = >0 1 (p;) < K X7, (p; +1)
= > i=1(py) < Kn+ K3 (p))
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= C;(r) < Kn+ KC/(m)
= Ci(r) —d < Kn+ KCl(r) — Kd'
= T;(r) < Kn+ KT/(r)

)
= w;T;(7) < w;Kn+ w; KT/ ()
= X(r) <WKn+ KX'()

Precisely, for the sequence 74 we have: = X (m4) < KX'(ma) + WKn
From (2) = X(m4) < KX'(7*) + WKn

From (6) = X(74) < X(7*) + WKn
From (1) = X(m4) < X(7*) + ewpin(P — d)
= X(ra) < X(n*) + eLB

= X(ma) < (14¢)X(7*) .
Thus, the running time of the algorithm is O(n?d’) = O(n?d/K) = O(%.%) which is
polynomial in n and (1/€). So, we have a fully polynomial time approximation scheme.

Remark: If d < P w””" , the complexity becomes more simple and corresponds to O(

nty

3 Identical parallel machines scheduling problem

In this section, the scheduling problem Pm|d; = d| > w;T; with fixed m is studied. It is easy
to show that there exists an optimal solution with at least one job scheduled on each machine
(n > m). Consequently, we have the following property:

Property 3 : There exists an optimal solution with exactly m straddling jobs.

Proof: Let 7* be an optimal sequence. In 7* we suppose that there is not straddling job on a
machine Mj. Let Ji be the last job from the early job set scheduled on M; in 7* (ie. Cj < d).
Then we can move the job Ji to the right until C;, = d without increasing the tardiness penalty.
By definition Jj becomes the jth straddling job.

So, it is possible to construct an optimal solution with idle times between early job set and the
straddling job without increasing the total tardiness penalties.

Let’s consider the case m = 2. As in the case of a single machine, we assume that the jobs are
sorted according to WSPT rule. Firstly we choose two straddling jobs and the remaining jobs are
executed on the first machine after the completion time of the straddling job assigned to the first
machine. It means that all jobs are late. Then, we try to assign each job to one machine in order to
be scheduled in the time interval [0, d]. If it is not possible, the current job is assigned to the second
machine and scheduled after the completion date of the straddling job in the second machine. So
the complexity of this algorithm is O(n3d?p?,,, P) where ppa: = max, _{pi} and P =370 _{pi}
(see Algorithm 6).

Hence, following the same idea and for any fixed m > 2 we can determine a DP algorithm with
a complexity O(n™+dmp™ —P™=1) which is pseudo-polynomial.

In [4] the authors show that there is no polynomial e-approximation algorithm for problem
Pmld; =d| Y11 T; with € < co unless P = NP.

However, if P > md then we can show that the considered problem accepts a FPTAS. It
is obtained by following the same idea of the FPTAS proposed in the case of a single machine
scheduling problem. However, K is given by: K = Eéviﬁ", where LB,, is a lower bound given by

LB, = wpinZ where Z corresponds to the optimal value of Pm||Ciaq-

503



MISTA 2007

Algorithm 2 WTP2CDD: P2|d; = d| Y w;T;

@y

18:

19:

20:
21:
22:
23:
24
25:
26:
27:

Order the jobs according to increasing ratios p;/w;
forke{l...n}andle{l...n} and k # [ do

/*Let Ji, J; be the straddling jobs in the first and second machine, respec-
tively.*/

for Sy, € {d—pk,...,d—1} and S; € {d—p;,...,d—1} do

Calculate the tardiness cost 7555 () ig1,k such that J; begins after Cy
Z(kf,l,Sk;,Sl)(,L') = wZT(k’l7Sk’Sl)(Z)

7/(k,1,Sk,81) — >t i) 7 kloSk:51) (7)

F®LSk:50(0,0,0,8 +p, —d) =0

F(k’l’sk’sl)(o, tl, tg,tg) = -0Q, lf tl 7é 0, tQ 7é 0 and t3 7é (Sl +pl — d)
WL (0) = S () — w — w

Wl(kvlyskvsl)(07 t) — W(kvlvsbsl)(o)

forie{l,...,n},i #k,i # 1 do

Z(k7lek:Sl)(7:) — szz

W(kal7SkrSl)(i) = W(k7lvskusl)(i — 1) — w;

for t; € {0,...,Sk} and ty € {0,...,51} and t3 € {0,...,P} do

mgo = F(k’l’sk’sl)(i —1,t1, 19, tg)
my = F(k’l’sk’sl)(i — 1, tl — Piy tg, tg) + Z(k’l’sk’sl)(i) +piW(k’l) (Z) - wi(tl—i— tQ +
t3 — pi)
myg = F(k7l’sk’sl)(i —1,t1,t0 — pi t3) + Z(k7l’sk’sl)(i) -I-piW(kJ) (1) — wi(t1+ ta +
t3 — pi)
mg = F(k’l’sk’sl)(i —1,t1,ta,t3 — p;) + Z(k’l’sk’sl)(i) +piW(k’l)(i) —w;(t1 +t2 +
ts — pi) — wits
F(k’l’sk’sl) (i, tl, tQ, tg) = max{mo, mi,ma, m3}
endfor

endfor

S(k’l)(Sk, Sy = mini’;o mintSQl:O mingzo (Z(k’l’sk’sl) — F(k’l’sk’sl)(n, t1,to, tg))

S(k,1) = ming, _g_p, (d-1),5=d—p..(d—1) ST (Sk, S1)

endfor

endfor

The optimal schedule corresponds to the sequence defined by the straddling
jobs Ji and J; in which S is minimized.

O(HZ"1) with H = d™p

Figure 6: Algorithm WTP2CDD

So, LBy, < Wpmin(P —md) > 0 since P > md. Hence, the FPTAS’s complexity is bounded by

3m Pm—l( W )Qm—l'

pmaa: w'min(med)

In the case where d = 0, the DP algorithm can solve the Pm||>" w;C; problem.

4 Conclusion

This paper deals with single machine and identical parallel machines scheduling problems with

a common due date. The objective is to minimize the total weighted tardiness penalties. A new
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DP algorithm is developped for the single machine scheduling problem with a complexity identical
to the complexity of Lawler’s DP. The DP allows defining a FPTAS with complexity less than the
best one of the literature. We also show how to transform these results in order to solve the case
with m identical parallel machines.
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