
The Two-Stage Assembly Flow Shop Scheduling with an 
Availability Constraint 

 
Hatem Hadda 

Unité de Recherche URAII, INSAT, Centre Urbain Nord B.P. N°676, 1080 Tunis, hatem.hadda@esti.rnu.tn 

Najoua Dridi 
Unité de Recherche OASIS, ENIT, B.P. N°37, le belvédère 100 Tunis, najoua.dridi@enit.rnu.tn 

Sonia Hajri-Gabouj 
Unité de Recherche URAII, INSAT,Centre Urbain Nord B.P. N°676, 1080 Tunis, sonia.gabouj@insat.rnu.tn  
 
In this paper, we deal with the two-stage assembly flow shop scheduling problem with an avail-
ability constraint. The objective is to minimize the maximum completion time of the jobs (i.e. 
makespan). We are interested in the nonresumable model. We provide two heuristics with tight 
worst-case ratio bound of 2 when the availability constraint is imposed on one of the first stage’s 
machines. For the case where the gap is imposed on the assembly machine we show that no poly-
nomial heuristic algorithm with finite error bound can be found. 
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1.  Introduction 
While most papers dealing with the scheduling field assume that the machines are available all the 
time, a growing number of works are considering that the machines are subject to breakdown; au-
thors differentiate between the probabilistic case where breakdowns are random and the determi-
nistic case where the date of unavailability period and its duration are known. Different models are 
distinguished, the semiresumable (sr) case that if a job cannot be finished before the next down 
period of a machine then the job will have to partially restart when the machine becomes available 
again. This model contains two special cases: namely the resumable (r) when the job can be con-
tinued without any penalty and the nonresumable (nr) case when the job needs to totally restart. 
The availability constraint was considered for many scheduling problems. The one machine prob-
lem was tackled by [1,6,17,18,21], the parallel machines by [13,19]. For the flow shop problem 
Lee [14] considered the two-machine flow shop problem with a resumable availability constraint 
in one of the two machines, he proved that the problem is NP-hard in the ordinary sense and de-
veloped a pseudo-polynomial dynamic programming algorithm to solve the problem. He also pro-
vided two heuristics with their error bound analysis. Later, Lee [15] studied the same problem but 
within the semiresumable case and availability constraints in both machines. He provided com-
plexity analysis, developed a pseudo-polynomial dynamic programming and also proposed heuris-
tic algorithms with an error bound analysis. Cheng and Wang [7] provided an improved approxi-
mation algorithm, for the case where the unavailability period is on the first machine; this algo-
rithm has a relative worst-case error bound of 34 . Later, Breit [5] presented for the problem with 
one unavailability constraint on the second machine, an improved algorithm with a relative worst-
case error bound of 45 . The two-machine flow shop problem with many unavailability periods 
was also studied by [4,12]. The general m machine flow shop problem was considered by Aggoune 
[2], for which he proposed a heuristic approach based on a genetic algorithm and a tabu search. 
More recently, Allaoui and Artiba [3] investigated the two-stage hybrid flow shop scheduling 
problem, with only one machine on the first stage and m machines on the second stage, the authors 
discussed the complexity of the problem, gave a branch and bound model and calculated the worst-
case performances of three heuristics. 
In this paper, we deal with the two-stage assembly flow shop scheduling with nonresumable avail-
ability constraint in one of the m+1 machines. The objective is to minimize the maximum comple-
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tion time of the jobs, i.e., the makespan. We will use the notation max)( CManrAm k− to denote 

this problem, where  designates the machine subject to the availability constraint. kM
When considering the problem maxCAm  (without any machine availability constraint), we obtain 
the known Two-Stage Assembly Flow Shop problem. This problem can be viewed as an extension 
of the two-machine flow shop problem. The assembly problem was first introduced by Lee and al. 
[16] who studied the 3-Machines assembly flow shop (3MAF), where there is two machines in the 
first stage and a unique assembly machine in the second stage. The objective is to minimize the 
makespan. The problem was shown to be NP-hard in the strong sense and a number of polynomial 
cases was identified. Authors also proposed a branch and bound algorithm and three heuristics 
with their error bound analysis. Potts and al. [20] proposed a generalization to 3MAF problem by 
considering more than two machines at the first stage, which they noted maxCAm . The authors 
presented a complexity study and proposed a number of heuristics with a study of their relative and 
absolute errors. 
Hariri and Potts [10] proposed a set of elimination rules which they used in a branch and bound 
algorithm, they were able to solve big size problems. More recently, Xi and al. [22] presented, for 
the 3MAF, a series of heuristics based on the ideas of Johnson [11] and Gupta [8], they also gave a 
worst-case analysis. 
In addition, Haouari and Daouas [9] dealt with the inverse problem of 3MAF, they called this 
problem the 3-machine dismantling flow shop problem (3MDF) and they showed that this problem 
is equivalent to the original problem (3MAF). The authors also proposed an efficient branch and 
bound algorithm. 
This paper is organized as follows. After presenting the notations and the problem description, we 
discuss in section 3 the configuration where the unavailability period is on one of the first stage‘s 
machines. We namely develop heuristic methods with an error bound analysis. In section 4, we 
investigate the case where the gap is on the assembly machine, a worst-case analysis is also pro-
vided. 

2.  Notations and problem description 
For defining formally the problem, let us define: 
n    total number of jobs to be scheduled; 

   job i, i n ; iJ {1,.., }∈

{ }1 2, ,..., nJ J J J= ; J    set of all the jobs: 

AM    assembly machine; 
{ }mk ,..,1∈kM    one of the first stage’s machines, ; 

{ }mAk ,..,1,ikp ∈ ;    processing time of job i on Mk, 

1( ,..., )nπ π π
( )πmax

=   a schedule of n jobs; 

C   makespan of the schedule π ;  
{ }mAk ,..,1,∈ks    start time of the unavailability period on Mk, ; 
{ }mA ,..,1,kkt ∈ ;    finish time of the unavailability period on Mk, 

*
maxC    makespan of the optimal solution; 
π
kJ    the crossover job of M  under k π .  

The Two-Stage Assembly Flow Shop problem ( maxCAm ) is given by a set of n available jobs to 
be processed on a set of (m+1) machines. Each job i consists of m+1 operations {Oi1, Oi2, …, 
Oim,OiA} to be processed respectively on Mk { }1,..,mk∈  and MA. The operation OiA cannot begin 
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until all operation Oik { }1,..,mk∈  are finished. Besides, the n jobs are simultaneously available at 
time 0, each machine can handle no more than one job at a time. 
We assume that one of the machines Mk { }mAk ,..,1,∈  is unavailable during the period from sk to 
tk ( ). If a job cannot be finished before the unavailability period (the gap) of a machine 
then the job has to restart. This case is known as nonresumable. Hence the problem will be de-
noted by 

kk ts ≤≤0

max)( CManrAm k− . The problem is to find the schedule that minimizes the total com-

pletion date of the last job visiting the machines MA (i.e. the makespan ). ( )πmaxC
For a given schedule π , let  be the first job that finished after  on . We call  the 

crossover job of  under 

π
kJ kt kM π

kJ

kM π . 

As the maxCAm  is NP-hard in the strong sense [16,20], then our more general problem 

max)( CManrAm k−  is also strongly NP-hard. We note that the only variant of this problem 

solved in polynomial time is the well-known max2 CF  problem solved by Johnson [11]. 

3.  Availability constraint on machine ,hM mh ≤≤1  : maxh )( CManrAm −  

In this configuration, only the machine for a fixed hM mh ≤≤1  is unavailable during the period 
from  to t . hs h

hh
ni

ih stp −+∑
≤≤1

*
maxCstp h

n
ih ≤−+

3.1.  Basic proprieties 

We first point out that if , then the availability constraint does not affect the schedule, 

hence we assume that  and thus the completion time on  for any schedule will be 

greater then , hence: 

h
ni

ih sp ≤∑
≤≤1

h
ni

ih sp >∑
≤≤1

hM

1 i
h∑

≤≤

hM

s≤

  (1)

For a given sequence of jobs π on , there would be two sets of jobs, those which will be fin-
ished on before the  (called the set ) and those which will be finished after the  

(called the set Y ). We have , we then note
hM hs πX ht

π h
Xi

ih
∈

p∑ ∑
∈Xi

h −=Δ ps ihπ . (We will drop the refer-

ence to the sequence π  whenever no confusion can arise). 
π , and if we note  then : π

hi JJ =
0

We also remark that for a given schedule 
 >hi0

0i
J hs hM

p Δ  (2)
Otherwise,  will be finished before  on . 
 

maxCAmNote that it is sufficient to consider the permutation solution for [20]. However, if an 
availability constraint is imposed in one of the first stage’s machines, then the following result is 
verified. 

 
Lemma 1 
It is possible that there does not exist any permutation solution to be optimal for 

max)( CManrAm h− . 
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Proof: 
Consider an instance with: m=2, n=2 and 411 =p , 1112 =p , ,  and 

. We have also , 
521 =p 122 =p

221 == AA pp 41 =s 51 =t . 
It can be checked that the unique optimal solution is to sequence  on , and  on  
and . With makespan equal to 14. � 

21JJ 1M 12 JJ 2M

AM
Although we cannot restrict the research to the permutation solutions, the following result gives us 
a considerable space reduction. 
Lemma 2 
For max)( CManrAm h− , . There exists an optimal solution where there is the same 

sequence of jobs on the machines , 

mh ≤≤1

kM hk ≠  and . AM
Proof: 
Suppose that there is an optimal solution π  where the sequence of jobs on a machine  for 

 is different of the sequence on . Then there exists two jobs  and  such that  is 

immediately sequenced before  on . But  follows  on .  

kM
Jhk ≠ AM

kM
iJ jJ j

iJ jJ iJ AM
It can be checked that the inversion of the order of  and  on  will not lead to a higher 
makespan. And so by applying the same inversion to all the jobs that appears in the wrong order, 
we can reorder all jobs to satisfy condition of lemma 2. � 

iJ jJ kM

Remark 1: Lemma 2 allows us to reduce the space size from ( ) 1! +mn  to  ( )2!n . From here we will 
consider only this family of schedules. For notational convenience, and for a given schedule π , 
the sequence of jobs on the machines , kM hk ≠  and  will be denoted simply by AM π , and the 

sequence of jobs on the machine  will be denoted by . hM hπ
We present now the worst case analysis. 

3.2.  Arbitrary heuristic worst case performance 
The following theorem gives the bound for a heuristic H giving an arbitrary solution. We note that 
in such a solution no machine can be idle while a job is ready to be processed on that machine. 
Theorem 1 
For any heuristic H producing an arbitrary schedule π  for max)( CManrAm h− , we have 

. *3)( CC ≤π maxmax

Proof: 
Two configurations are to consider: 

nj ≤≤1  and  1  such that Case 1: the gap is not part of the critical path, then there exist mk

11 nijii ≤≤==

≤≤

*
maxmax 2)( CppppC iAik

n

A

j

k ii
≤+≤+= ∑∑∑∑ πππ  

1 ni≤≤

nj ≤≤1  and  such that: Case 2: the gap is a part of the critical path, then there exists nj'1

∑∑∑∑ +Δ+−+≤+Δ+−+= iAhhih

n

Ahh

j

h
pstppstpC

ih
i

max )( ππ
π

≤≤

 
≤≤≤≤ ninij 11'

** 32)( CpCC ≤+≤π
== ii 1

hi0 maxmaxmax 0hiH

hM

Let’s note . From (1) and (2) we obtain .� πJJ =
We now present two heuristics that guaranties a bound of 2. 

3.3.  H0 heuristic worst case performance 
In the heuristic H0 we sort the set of jobs according to the processing times on the machine  in 
non-decreasing order. We then consider the resultant permutation solution. 
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Theorem 2 
If we apply the heuristic H0 to sequence jobs for max)( CManrAm h−  then  
and the bound is tight, where 

*
maxmax 2)( CC ≤π

π  is the permutation given by the heuristic H0. 
Proof: 
If the gap is not a part of the critical path then, and as explained in the proof of the previous theo-
rem, we have . *

maxmax 2)( CC ≤π
Otherwise, if the gap is a part of the critical path, then there exists nj ≤≤1  such that: 
 

∑∑
==

+Δ+−+=
n

ji
Ahh

j

i
h ii

pstpC πππ
1

max )(  (3)

Case 1: if nj =  then (3) gives 
 

Ahh
ni

ih n
pstpC ππ +Δ+−+= ∑

≤≤1
max )(  (4)

Let’s note , we know from (2) that π
hi JJ =

1
Δ>hip

1
, as we have applied the heuristic H0 then 

. As  then we conclude the following from Δ>h≥ ih pp
n 1π

*
maxCpp Ah nn

≤+ ππ (1) and (4) 
*
max

11
max 2)()()( CppstppstpC Ahhh

ni
ihAhh

ni
ih nnn

≤++−+≤+Δ+−+= ∑∑
≤≤≤≤

ππππ  

Case 2: If nj ≠  then we have Δ>≥ hih pp
n 1π and from (3) we get 

∑∑∑∑
====

+−++≤+Δ+−+=
n

ji
Ahhh

j

i
h

n

ji
Ahh

j

i
h iniii

pstpppstpC ππππππ
11

max )(  

Then   
*
max

11
max 2)( CpstpC

ni
iAhh

ni
ih ≤+−+≤ ∑∑

≤≤≤≤

π  

In conclusion . *
maxmax 2)( CC ≤π

The following example shows that the bound is tight. Consider an instance with m=1(i.e. a two 
machine flow shop problem), n=2, 111 =p , zp =21 , 21 =Ap  and 22 =Ap . we also have s1=z and 
t1=z+1, where z is a positive integer. 
If we apply H0 to the problem we get a sequence , with1J 2J 32)(max += zC π . However, the op-

timal solution is to sequence followed by with C . Hence  ap-
proaches 2 as z approaches infinity. � 

2J 1J 4+= z C*
max

*
maxmax /)( Cπ

3.4.  H1 heuristic worst case performance 
In the heuristic H1 we apply Johnson’s algorithm (JA) to sequence the n jobs by considering only 
the processing times on the machines  and . The optimal permutation obtained for the two 

machines flow shop problem is then applied for the
hM AM

maxh )( CManrAm − problem. 
Theorem 3 
If we apply the heuristic H1 to sequence jobs for max)( CManrAm h−  then  
and the bound is tight, where 

*
maxmax 2)( CC ≤π

π  is the permutation given by the heuristic H1. 
Proof: 
If the gap is not a part of the critical path then, and as explained previously we have 

. *2)( CC ≤π maxmax

n
 

j ≤≤1  such that: Otherwise, if the gap is a part of the critical path, then there exists 
 

∑∑ +Δ+−+=
n

Ahh

j

h ii
pstpC πππmax )(

== jii 1

 (5)
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Case 1: if nj =  then (5) gives 
 

Ahh
ni

ih n
pstpC ππ +Δ+−+= ∑

≤≤1
max )(  (6)

Let’s note , we know from (2) that π
hi JJ =

1
Δ>hip

1
. As nπ  follows in the sequence then: 

1i
J

( ) ( )hAihi n
ppp π,,min

11 An
pπ min≤ . 

- If ( ) hiAhi ppp
n 11

,min =π  then Δ>≥ hih pp
n 1π  so 

*
max

11
max 2)()()( CppstppstpC Ahhh

ni
ihAhh

ni
ih nnn

≤++−+≤+Δ+−+= ∑∑
≤≤≤≤

ππππ  

- If ( ) AAhi nn
ppp ππ =,min

1
 then AiA pp

n 1
≤π  so 

*
max

11
max 2)()()(

11
CppstppstpC Aihihh

ni
ihAhh

ni
ih n

≤++−+≤+Δ+−+= ∑∑
≤≤≤≤

ππ  

Case 2: if nj ≠  then two sub-cases are to consider 
Case 2-1: there exists a job '2 ji π= for such that then . From (5) we get: jj >' hihi pp

12
≥ Δ≥hip

2

∑∑∑∑
====

+−++≤+Δ+−+=
n

ji
Ahhhi

j

i
h

n

ji
Ahh

j

i
h iiii

pstpppstpC πππππ
2

11
max )(  

Then   *
max

11
max 2)( CpstpC

ni
iAhh

ni
ih ≤+−+≤ ∑∑

≤≤≤≤

π  

Case 2-2: for any job '2 ji π= such that  we have jj >' hihi pp
12

< . As follows  in the se-

quence then: 
2i

J
1i

J
( ) ( )hiA p

21
,ipp minmin Aihi p

21
, ≤ . So necessarily ( ) Ai2Ai pp =ih p

21
,min  and subse-

quently . We can then write hip
2

≤Aip
2

 
∑∑∑

+=+==

+≤+≤
n

ji
hA

n

ji
AA

n

ji
A ijiji

ppppp
11

πππππ (7)

From (5) and (7) we get 

Ahh

n

i
ih

n

ji
Ahh

j

i
h jii

pstppstpC ππππ +Δ+−+≤+Δ+−+= ∑∑∑
=== 11

max )(  

( ) ( )hAiAhi jj
pppp ππ ,min,min

11
≤  On an other hand, we have: 

- If ( ) hiAhi ppp
j 11

,min =π  then Δ>≥ hih pp
j 1π  so 

*
max

11
max 2)()()( CppstppstpC Ahhh

ni
ihAhh

ni
ih jjj

≤++−+≤+Δ+−+≤ ∑∑
≤≤≤≤

ππππ  

( ) AAhi jj
ppp ππ =,min

1
 then AiA pp

j 1
≤π  so - If 

*
max

11
max 2)()()(

11
CppstppstpC Aihihh

ni
ihAhh

ni
ih j

≤++−+≤+Δ+−+≤ ∑∑
≤≤≤≤

ππ  

 
In conclusion . *

maxmax 2)( CC ≤π
The following example shows that the bound is tight. Consider an instance with m=1, n=2, 

, ,  and 111 =p zp =21 21 =Ap 22 =Ap . We also have s1=z and t1=z+1, where z is a positive inte-
ger. If we apply H1 to the problem we get a sequence , with1J 2J 32)(max += zC π . However, the 

optimal solution is to sequence followed by with C . Hence  ap-
proaches 2 as z approaches infinity. � 

2J 1J 4+z max (C*
max =

*
max/) Cπ
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4.  Availability constraint on machine MA: max)( CManrAm A−  

In this problem, there is only one availability constraint on the machine . The following result 
holds: 

AM

Lemma 3 
For the max)( CManrAm A−  problem, there exists an optimal solution which is a permutation 
schedule. 
Proof: 
Similar to the proof of lemma 2. � 
Although lemma 3 provides a considerable space reduction, in this case the ratio , 
where 

*
maxmax /)( CC Hπ

Hπ  is a solution given by an arbitrary heuristic H, can be arbitrarily large. The following 
heuristic gives an example: 
We consider the heuristic  proposed by [20] for the PottsH maxCAm  problem. This heuristic has 

the tight worst-case ratio bound of m12− . In this heuristic we first apply JA to the max2 CF  

problem with the processing time of ,iJ ni ,...,2,1= , equal to mppp imii )...( 21 +++  (in the 
first stage) and to  (in the second stage). The found permutation is then applied to the iAp

maxCAm  problem. 
Lemma 5 
If we apply  to sequence jobs for PottsH max)( CManrAm A−  ( ) then  

can be arbitrary large, where 

2≥m *
maxmax /)( CC Pottsπ

Pottsπ  is the permutation given by the heuristic H . Potts

Proof: 
Consider an instance with m=2, n=2, 102111 == pp , 212 =p , 422 =p , and71 =Ap 82 =Ap . 
We also have  and , where z is a positive integer. 27=As 27+= ztA

If we apply  to the problem we get a sequence , withPottsH 1J 2J 35)(max += zC Pottsπ . However, 

the optimal solution is to sequence  followed by  with . Hence 2J 1J 27*
max =C

( ) 2735/) *
maxC(max += zC Pottsπ  which can be arbitrarily large when z is very large. � 

 
Remark 2: for the case m=1 (i.e. the max2 )(2 CManrF −  problem),  is equivalent to JA, 

Lee [14] showed that  and that the bound is tight. 
PottsH

*
maxmax 2)( CC JA ≤π

Remark 3: Suppose that the optimal makespan of max)( CManrAm A−  ( ) is equal to , 

and  where z is a very large number. Let H be a polynomial heuristic to the problem, 
unless H gives an optimal solution, we will have C

2≥m

tA >>

As
zst AA +=

zH )(max π , and hence 

AH C*
max/)(π szC >max  which can be arbitrarily large. Hence it is impossible to find a polyno-

mial heuristic algorithm with finite error bound (unless PNP = ). 

5.  Conclusion 
In this paper we have studied the nonresumable model of the two-stage assembly flow shop prob-
lem with availability constraint. We have provided two heuristics with tight worst-case ratio bound 
of 2 when the availability constraint is imposed on one of the first stage’s machines. For the case 
where the gap is imposed on the assembly machine we have shown that no polynomial heuristic 
algorithm with finite error bound can be found. Future researches include extending the study to 
the semiresumable model and other performance measures. 
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