184

MISTA 2007

The Two-Stage Assembly Flow Shop Scheduling with an
Availability Constraint

Hatem Hadda
Unité de Recherche URAII, INSAT, Centre Urbain Nord B.P. N°676, 1080 Tunis, hatem.hadda@esti.rnu.tn

Najoua Dridi
Unité de Recherche OASIS, ENIT, B.P. N°37, le belvédére 100 Tunis, najoua.dridi@enit.rnu.tn

Sonia Hajri-Gabouj
Unité de Recherche URAII, INSAT,Centre Urbain Nord B.P. N°676, 1080 Tunis, sonia.gabouj@insat.rnu.tn

In this paper, we deal with the two-stage assembly flow shop scheduling problem with an avail-
ability constraint. The objective is to minimize the maximum completion time of the jobs (i.e.
makespan). We are interested in the nonresumable model. We provide two heuristics with tight
worst-case ratio bound of 2 when the availability constraint is imposed on one of the first stage’s
machines. For the case where the gap is imposed on the assembly machine we show that no poly-
nomial heuristic algorithm with finite error bound can be found.
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1. Introduction

While most papers dealing with the scheduling field assume that the machines are available all the
time, a growing number of works are considering that the machines are subject to breakdown; au-
thors differentiate between the probabilistic case where breakdowns are random and the determi-
nistic case where the date of unavailability period and its duration are known. Different models are
distinguished, the semiresumable (sr) case that if a job cannot be finished before the next down
period of a machine then the job will have to partially restart when the machine becomes available
again. This model contains two special cases: namely the resumable (r) when the job can be con-
tinued without any penalty and the nonresumable (nr) case when the job needs to totally restart.

The availability constraint was considered for many scheduling problems. The one machine prob-
lem was tackled by [1,6,17,18,21], the parallel machines by [13,19]. For the flow shop problem
Lee [14] considered the two-machine flow shop problem with a resumable availability constraint
in one of the two machines, he proved that the problem is NP-hard in the ordinary sense and de-
veloped a pseudo-polynomial dynamic programming algorithm to solve the problem. He also pro-
vided two heuristics with their error bound analysis. Later, Lee [15] studied the same problem but
within the semiresumable case and availability constraints in both machines. He provided com-
plexity analysis, developed a pseudo-polynomial dynamic programming and also proposed heuris-
tic algorithms with an error bound analysis. Cheng and Wang [7] provided an improved approxi-
mation algorithm, for the case where the unavailability period is on the first machine; this algo-
rithm has a relative worst-case error bound of 4/3. Later, Breit [5] presented for the problem with
one unavailability constraint on the second machine, an improved algorithm with a relative worst-
case error bound of 5/4. The two-machine flow shop problem with many unavailability periods

was also studied by [4,12]. The general m machine flow shop problem was considered by Aggoune
[2], for which he proposed a heuristic approach based on a genetic algorithm and a tabu search.
More recently, Allaoui and Artiba [3] investigated the two-stage hybrid flow shop scheduling
problem, with only one machine on the first stage and m machines on the second stage, the authors
discussed the complexity of the problem, gave a branch and bound model and calculated the worst-
case performances of three heuristics.

In this paper, we deal with the two-stage assembly flow shop scheduling with nonresumable avail-
ability constraint in one of the m+1 machines. The objective is to minimize the maximum comple-
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tion time of the jobs, i.e., the makespan. We will use the notation Am|nr —-a(M k)|C to denote

max

this problem, where M, designates the machine subject to the availability constraint.

When considering the problem Am|C

the known Two-Stage Assembly Flow Shop problem. This problem can be viewed as an extension
of the two-machine flow shop problem. The assembly problem was first introduced by Lee and al.
[16] who studied the 3-Machines assembly flow shop (3MAF), where there is two machines in the
first stage and a unique assembly machine in the second stage. The objective is to minimize the
makespan. The problem was shown to be NP-hard in the strong sense and a number of polynomial
cases was identified. Authors also proposed a branch and bound algorithm and three heuristics
with their error bound analysis. Potts and al. [20] proposed a generalization to 3MAF problem by

considering more than two machines at the first stage, which they noted Am||Cmax . The authors

(without any machine availability constraint), we obtain

max

presented a complexity study and proposed a number of heuristics with a study of their relative and
absolute errors.

Hariri and Potts [10] proposed a set of elimination rules which they used in a branch and bound
algorithm, they were able to solve big size problems. More recently, Xi and al. [22] presented, for
the 3MAF, a series of heuristics based on the ideas of Johnson [11] and Gupta [8], they also gave a
worst-case analysis.

In addition, Haouari and Daouas [9] dealt with the inverse problem of 3MAF, they called this
problem the 3-machine dismantling flow shop problem (3MDF) and they showed that this problem
is equivalent to the original problem (3MAF). The authors also proposed an efficient branch and
bound algorithm.

This paper is organized as follows. After presenting the notations and the problem description, we
discuss in section 3 the configuration where the unavailability period is on one of the first stage‘s
machines. We namely develop heuristic methods with an error bound analysis. In section 4, we
investigate the case where the gap is on the assembly machine, a worst-case analysis is also pro-
vided.

2. Notations and problem description
For defining formally the problem, let us define:

n total number of jobs to be scheduled;

J jobi, ie{l,..,n};

J set of all the jobs: J ={J;,J,,.... 3, };

M, assembly machine;

M, one of the first stage’s machines, k {1 m};

Pi processing time of job i on My, k € {A,l,.., m};

= (n,...,7,) a schedule of n jobs;

Com(7) makespan of the schedule 7 ;

S, start time of the unavailability period on M, k € {A,l,.., m};
t, finish time of the unavailability period on M, k € {A,l,.., m};
Crax makespan of the optimal solution;

J7 the crossover job of M, under 7.

The Two-Stage Assembly Flow Shop problem (Am||Cmax ) is given by a set of n available jobs to

be processed on a set of (m+1) machines. Each job i consists of m+1 operations {Oj;, Oj, ...,
OimOia} to be processed respectively on My Kk € {l,..,m} and Ma. The operation O;s cannot begin
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until all operation Oy k € {1, m} are finished. Besides, the n jobs are simultaneously available at

time 0, each machine can handle no more than one job at a time.
We assume that one of the machines M, k e {A,l,.., m} is unavailable during the period from s, to

t (0<s, <t ). If ajob cannot be finished before the unavailability period (the gap) of a machine
then the job has to restart. This case is known as nonresumable. Hence the problem will be de-
noted by Am|nr —a(M k)|C The problem is to find the schedule that minimizes the total com-

pletion date of the last job visiting the machines M, (i.e. the makespan C, ., (77)).

max *

For a given schedule 7, let J; be the first job that finished after t, on M, . We call J; the
crossover job of M, under .

As the Am|C,,,
Am|nr —a(M,)C

solved in polynomial time is the well-known F2||Cmax problem solved by Johnson [11].

is NP-hard in the strong sense [16,20], then our more general problem

max 1S also strongly NP-hard. We note that the only variant of this problem

3. Availability constraint on machine M, ,1<h<m : Amnr —a(M,)[C,.,,

In this configuration, only the machine M, for a fixed 1< h <m is unavailable during the period
from s, to .

3.1. Basic proprieties
We first point out that if z P, <8, then the availability constraint does not affect the schedule,

1<i<n
hence we assume that z Py, > S, and thus the completion time on M, for any schedule will be
I<i<n
greater then »_ p,, +t, —s, , hence:
1<i<n
z Pin +th =S, < Crras (1)
1<i<n
For a given sequence of jobs zon M, , there would be two sets of jobs, those which will be fin-
ished on M, before the s, (called the set X ) and those which will be finished after the t,
(called the set Y, ). We have ) p,, <, , we then note A_ =, — >_ py, . (We will drop the refer-
ieX ieX
ence to the sequence 7 whenever no confusion can arise).
We also remark that for a given schedule 7, and if we note J; = J;7 then :

Pign > A (2)
Otherwise, J; will be finished before s, on M, .

Note that it is sufficient to consider the permutation solution for Am||C [20]. However, if an

max

availability constraint is imposed in one of the first stage’s machines, then the following result is
verified.

Lemma 1l
It is possible that there does not exist any permutation solution to be optimal for

Am|nr —a(M,)|C

max *
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Proof:

Consider an instance with: m=2, n=2 and p,=4, p,=11, p,, =5, p,,=1 and
Pia = Pn=2.Wehavealso s, =4, 1t =5.

It can be checked that the unique optimal solution is to sequence J,J, on M,, and J,J, on M,

and M ,. With makespan equal to 14. [

Although we cannot restrict the research to the permutation solutions, the following result gives us
a considerable space reduction.
Lemma 2

For Amnr —a(M,)[C
sequence of jobs on the machines M, , k #h and M ,.

Proof:
Suppose that there is an optimal solution 7 where the sequence of jobs on a machine M, for

1<h<m. There exists an optimal solution where there is the same

max !

k # h is different of the sequence on M ,. Then there exists two jobs J; and J; such that J; is
immediately sequenced before J; on M, . But J; follows J; on M ,.

It can be checked that the inversion of the order of J; and J; on M, will not lead to a higher

makespan. And so by applying the same inversion to all the jobs that appears in the wrong order,
we can reorder all jobs to satisfy condition of lemma 2. [J

Remark 1: Lemma 2 allows us to reduce the space size from (n!)m+1 to (n!)2 . From here we will
consider only this family of schedules. For notational convenience, and for a given schedule 7,
the sequence of jobs on the machines M, , k= h and M, will be denoted simply by 7, and the

sequence of jobs on the machine M, will be denoted by .
We present now the worst case analysis.

3.2. Arbitrary heuristic worst case performance

The following theorem gives the bound for a heuristic H giving an arbitrary solution. We note that
in such a solution no machine can be idle while a job is ready to be processed on that machine.
Theorem 1

For any heuristic H producing an arbitrary schedule 7 for Am|nr—a(Mh)|C
C o (7) < 3C -
Proof:

Two configurations are to consider:
Case 1: the gap is not part of the critical path, then there exist 1< j<n and 1<k <m such that

] n
Coax (7) = Z Prk +z Pra= Z Pu Z P < 2C, .
i1 in

1<i<n 1<i<n

we have

max !

Case 2: the gap is a part of the critical path, then there exists 1< j <n and 1< j'<n such that:

J n
Cmax(”)zz P +1, -, +A+Z Pras Zpih +t,—-s, +A+ ZpiA
i1 o

1<i<n 1<i<n
Let’s note J, = J;7. From (1) and (2) we obtain C,, (7)< 2C_ + p,, <3Cp,, .
We now present two heuristics that guaranties a bound of 2.
3.3. Ho heuristic worst case performance

In the heuristic Ho we sort the set of jobs according to the processing times on the machine M, in
non-decreasing order. We then consider the resultant permutation solution.
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Theorem 2

If we apply the heuristic Ho to sequence jobs for Amjnr —a(M,)|C ., then C

and the bound is tight, where 7 is the permutation given by the heuristic Ho.
Proof:
If the gap is not a part of the critical path then, and as explained in the proof of the previous theo-

max max (7[) S ZC;HX

rem, we have C, (7) <2C, . .
Otherwise, if the gap is a part of the critical path, then there exists 1< j <n such that:
i n
Cmax(”)zzp;rih"'th_sh"'A"'z Pra 3)
i=1 i=j
Case 1: if j =n then (3) gives
Crax (7) = Zpih+th_sh+A+ Pz A (4)

1<i<n

Let’s note J; =J;7, we know from (2) that p,, > A, as we have applied the heuristic Ho then

Pen 2 Pip >AAS P,y + P, < C... thenwe conclude the following from (1) and (4)
Coax (7) = Z Pin Tt =S, + A+ P, 2 <( Z Pin Tt —S0) + (Prp + Pra) < 2C,
1<i<n 1<i<n

Case 2: If j=n thenwe have p, > p;, >Aand from (3) we get

J n J n
C o (7) :Z Prn+ 1, =S, +A+Z Pra Sz Prn+ Prn Tt =S, +2 Pra
= i0]

i=j i=1
Then Cmax (7[) < Z pih +th - sh + Z piA < ZC;\ax

1<i<n 1<i<n
In conclusionC,,, (7) <2C, ..
The following example shows that the bound is tight. Consider an instance with m=1(i.e. a two
machine flow shop problem), n=2, p,, =1,p, =2, p,, =2 and p,, = 2. we also have s,=z and
t;=z+1, where z is a positive integer.
If we apply Ho to the problem we get a sequence J,, J, withC,_ . (7) = 2z + 3. However, the op-
timal solution is to sequence J,followed by J,withC, . =z+4. Hence C . (7)/C,, ap-
proaches 2 as z approaches infinity. [

max

3.4. H; heuristic worst case performance

In the heuristic H; we apply Johnson’s algorithm (JA) to sequence the n jobs by considering only
the processing times on the machines M, and M ,. The optimal permutation obtained for the two

machines flow shop problem is then applied for the Am|nr —-a(M h)|Cnnax problem.
Theorem 3
If we apply the heuristic H; to sequence jobs for Amjnr —a(M,)|C,,.c then C . (7)< 2C,,,

and the bound is tight, where 7 is the permutation given by the heuristic H;.
Proof:
If the gap is not a part of the critical path then, and as explained previously we have

Cmax (7[) S ZC;aX *

Otherwise, if the gap is a part of the critical path, then there exists 1< j <n such that:

J n
Cmax(ﬂ.)zzp;r,h—i_th_sh—i_A—i_z p;ziA )
i=1

i=]
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Case 1: if j=n then (5) gives
max Z plh +t sh + A + p;rnA (6)

1<i<n

Let’s note J; =J;7, we know from (2) that p,, >A. As 7, follows J, in the sequence then:

Min(p,p, Pr,a) < Min(pya P, 0
- If min(pilh! p;rnA): Py then p,_ > P, > A so
7)= Z P+l =Sy +A+ P, 2 < (Z Pin 1 =Sy) + (Pop + Pra) < 2C,

1<i<n 1<i<n

- If min(pilhl pﬂnA) P, then p_, < p;, SO
Coax () = z Pin +lh =Sy +A+ P, A —(Z Pin + 1 = Sy) + (Pip + Pia) < 2C,

1<i<n 1<i<n

Case 2: if j #n then two sub-cases are to consider
Case 2-1: there exists a jobi, = 7. for j'> jsuch that pi h = Pinthen p,, > A. From (5) we get:

j n
Crax () =D Py +1, Sh+A+Zp A—Zpﬂh+p.h+t ~S,+ D Poa
i=1 i=j

i=j

Then Cmax (7[) < z pih +th - sh + z piA s 2Cmax

1<i<n 1<i<n
Case 2-2: for any jobi, = z;.such that j'> j we have p,, < p,,. As J; follows J; in the se-
quence then: min(pilh, pizA)S min(pilA, pizh). So necessarily min(pilh, pizA)z P, and subse-
quently p; , < p; ,. We can then write

ZpﬁA_pﬁA+ZpﬂASpﬂA+zpﬂh (7)

i=j+1 i=j+1

From (5) and (7) we get
i n
Cmax(”)zzpﬂih+t Sh+A+zp7rA— Pin + th_sh+A+pﬂjA
i=1 =1
On an other hand, we have: min(pilh, pﬁjA)S mln(pilA, pﬂ_h)

- If min(pilh' p;sz)z Pin then p., > P, > A so
Corac ()< D P Tty =8y + A+ P, o (D P+t =) + (P, + P ) <2C0,,

1<i<n 1<i<n
-1f min(p, ,, p”jA): P, then p_, < p,, s0
Corac (7)< D P+ by =8y + A+ P, o (D Py 8 = 8,) + (i + Pia) < 2C 1

1<i<n 1<i<n

In conclusion C ., (7)< 2C,

The following example shows that the bound is tight. Consider an instance with m=1, n=2,
Pu=1,P,=2,pn=2 and p,, =2.We also have s;=z and t,=z+1, where z is a positive inte-
ger. If we apply H; to the problem we get a sequence J,, J, withC . (7) = 2z + 3. However, the
optimal solution is to sequence J,followed by J,withC"_ =z+4. Hence C__ (7)/C _ ap-

max

proaches 2 as z approaches infinity. [
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4. Availability constraint on machine Ma: Amnr —a(M,)[C,,

In this problem, there is only one availability constraint on the machine M ,. The following result
holds:

Lemma 3

For the Amjnr—a(M,)C
schedule.

Proof:

Similar to the proof of lemma 2. [J

Although lemma 3 provides a considerable space reduction, in this case the ratio C,, (7,,)/C, ..

problem, there exists an optimal solution which is a permutation

max

where 7, is a solution given by an arbitrary heuristic H, can be arbitrarily large. The following
heuristic gives an example:
We consider the heuristic H,,, proposed by [20] for the Am||Cmax problem. This heuristic has

the tight worst-case ratio bound of 2—1/m. In this heuristic we first apply JA to the F2||C

problem with the processing time of J,,i=12,...,n, equal to (p,+ P, +...+ P;,,)/M (in the
first stage) and to p,, (in the second stage). The found permutation is then applied to the
Am|C
Lemma 5

If we apply H, to sequence jobs for Amnr —a(M,)|C . (M>2) then C_ (ZTpou)! Croa

problem.

max

can be arbitrary large, where 7, is the permutation given by the heuristic H .

Proof:
Consider an instance with m=2, n=2, p,; = p,, =10, p, =2, p,, =4,pP,, =7andp,, =8.

We also have s, =27 and t, = z+ 27, where z is a positive integer.
If we apply Hp,, to the problem we get a sequence J;, J, withC_, (7pys) = Z+35. However,

the optimal solution is to sequence J, followed by J, with C _ =27. Hence

Crrox (Tpus) ! Crray, = (2+35)/27 which can be arbitrarily large when z is very large. [

Remark 2: for the case m=1 (i.e. the F2jnr —a(M,)|C,,, problem), H is equivalent to JA,
Lee [14] showed that C,, (7,,) < 2C,., and that the bound is tight.

Remark 3: Suppose that the optimal makespan of Am|nr —-a(M A)|C (m>=2)isequal to s,,

max
and t, =S, +z where z is a very large number. Let H be a polynomial heuristic to the problem,
unless H gives an optimal solution, we will have C_. (7,)>t,>2z, and hence

C.o (7y)/C. . >2/s, which can be arbitrarily large. Hence it is impossible to find a polyno-
mial heuristic algorithm with finite error bound (unless NP = P).

5. Conclusion

In this paper we have studied the nonresumable model of the two-stage assembly flow shop prob-
lem with availability constraint. We have provided two heuristics with tight worst-case ratio bound
of 2 when the availability constraint is imposed on one of the first stage’s machines. For the case
where the gap is imposed on the assembly machine we have shown that no polynomial heuristic
algorithm with finite error bound can be found. Future researches include extending the study to
the semiresumable model and other performance measures.
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