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This paper deals with a two-machine shop floor scheduling problem with multi-predecessor
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1. Introduction

This paper addresses a two-machine shop floor scheduling problem with multi-predecessor
constraints. We are given two machines 4 and B, and a set J={J;,J5,...,J,} of jobs. Each job
J;llJ must be first processed on machine 4 and then on machine B, therefore it is a kind of flow
shop. The operation times are p;; and py, respectively, where p;+p,>0. Neither of the
machines can process more than one job at a time. The objective is to find a schedule that
minimizes the makespan C,,,, which is the completion time of all jobs on both machines. This
original problem is denoted by F2||C .

The F2||Cpax problem can be solved by Johnson’s rule very conveniently. But considering
multi-predecessor constraints, the problem may be difficult. The multi-predecessor constraints
means job J; may have multiple predecessors, and all the predecessors should be finished first
in machine 4 before job J; could be started in machine B, i.e. the operation of p,; in machine B
could not be started until the operations of p;; and p, Ji 1J¥, in machine A4 are finished, where
Jt is the set of jobs that precede job J;.

We write Jk—m_Uj and say that job J; is one of the multi-predecessors of job J;. Job J; may
have more than one predecessors. This type of constraint is defined as multi-predecessor
constraint. The problem discussed in this paper is denoted by F2|multi-predecessor|C,.x. Since
a numerical example to illustrate where a permutation schedule is not optimal can be easily
constructed, we need to find an optimal non-permutation schedule for the problem.
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Traditionally, there are two types of precedence constraints [1]. For two jobs J; and J;, we write
Jj—l)Jk and say that job J; precedes job J; if and only if job J; cannot start on any machine

until job J; is completed on all machines it has to be processed on. The relation — > will be
called the precedence relation of the first type. On the other hand, for two jobs J; and J;, we

write Jj;ﬂk and say that job J; precedes job J if and only if job J; cannot start on any

machine until job J; is completed on the same machine. The relation —2 will be called the
precedence relation of the second type.

We write “precl” or “prec2” in the second position of the standard notation for scheduling
problems to indicate that there are precedence constraints either of the first or of the second,
respectively. The F2|precl|C,.x problem is trivial, and the optimal makespan is the sum of all
the operations time. The F2|prec2|C.x problem is NP-hard in the strong sense due to
Strusevich [1] and Monma [2].

If J,L)Jk, the operation of p;; will precede the operation of p; and operation of p, will

precede the operation of p,. Therefore, #L)Jk implies J;—"—Jj, but the opposite is not
true. The multi-predecessor condition is a kind of relaxation of precedence relation of the
second type.

2. The Complexity of F2|multi-predecessor|Cnax

In this part, we will prove that F2|multi-predecessor|Cy.x is strongly NP-hard. The proof is
done by reducing F2|prec2|Cp.x to F2|multi-predecessor|Ci.x. We first show that an instance of
F2|prec2|Cpax could be transformed to an instance of F2|multi-predecessor|Cp.x. Then we
prove that an optimal schedule of the instance of F2|multi-predecessor|C,,,x can be used to
construct an optimal schedule of the instance of F2|prec2|Cyax-

First, we need the following definition. For the F2|prec2|Cp.x problem, if J,%Jj and
-I;—2—>Jk, then J; 2 >Ji. If J; 2 >J; and there is no job J; such that Jj—z—x]i—z—)Jk, then
job J; is said to directly precede job Ji, and this is denoted by J_,-L)Jk.

Then, we use the following algorithm to transform an instance of F2|prec2|C,,. to an instance
of F2|multi-predecessor|Cay.

Algorithm T

Step 1 List all the job pairs with the precedence relation of the second type, including
directly preceded job pairs and indirectly preceded job pairs in the instance of F2|prec2|Cay.

Step 2 Change all the direct and indirect precedence relations of the second type to the
multi-predecessor constraints.

Because there are less than #° job pairs with precedence relations of the second type, the
algorithm T is obviously polynomial. We call the original instance as the problem P and the
transformed instance as the problem P’ We claim that a feasible schedule S’ of problem P ’can
be modified to a feasible schedule S of problem P without increasing the makespan. The
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following algorithm M describes the details of the modification. In the algorithm M, we will
first change the order of operations in machine B, and then change the order of operations in
machine 4.

Algorithm M

(Part I. Change the order of operations in machine B.)

Step 1 Let V' = @. Define a jobs set U which contains jobs without successors in
precedence relations of the second type. For each job J; in set U, find all the direct
predecessors of the second type J;[1J. If there is a contradiction in machine B that operation p
is scheduled before p;, then relocate operation p; just before p.

Step 2 Let V' =V JU.If V=, go to Step 4. Otherwise, redefine the jobs set U which
contains jobs having direct successors in set V. For each job J; in set U, find all the direct
predecessors of the second type J;[1J. If there is a contradiction in machine B that operation p
is scheduled before p;, then relocate operation p; just before p.

Step 3 Go to Step 2.

(Part II. Change the order of operations in machine A4.)

Step 4 Let N = . Define a jobs set M which contains jobs without predecessors in
precedence relations of the second type. For each job J; in set M, find all the direct successors
of the second type J;[1J. If there is a contradiction in machine 4 that operation p;; is scheduled
before p;, then relocate operation p just after p;;.

Step 5 Let N=NUM . If N = J, stop. Otherwise, redefine the jobs set M which
contains jobs having direct predecessors in set N. For each job J; in set M, find all the direct
successors of the second type J;[1]. If there is a contradiction in machine 4 that operation p; is
scheduled before p,;, then relocate operation p just after p;.

Step 6 Go to Step 4.

Because there are at most n° job pairs with precedence relations of the second type, the
algorithm M is also polynomial.

Theorem 2.1 the F2|multi-predecessor|C. problem is NP-hard in strong sense.

Proof. The proof is done by reducing F2|prec2|C.x to F2|multi-predecessor|C.x. According to
Algorithm T, an instance of F2|prec2|Cn.x could be transferred to an instance of
F2|multi-predecessor|Cpax. If an optimal schedule S* could be found for the transformed
instance of F2|multi-predecessor|C,,,x, We can use Algorithm M to change the schedule to a
feasible schedule S* for the original instance of F2|prec2|C,.x. It is easy to verify that the
modification in Algorithm M will not increase the makespan. Since F2|multi-predecessor|Ciax
contains less constraints than F2|prec2|C,,.x, the optimal makespan of problem P ’is less than or
equal to the optimal makespan of problem P. Therefore the modified schedule S* of problem
P’is an optimal schedule of problem P. With the strongly NP-hard property of F2|prec2|Cux,
we know that the F2|multi-predecessor|C,,.x problem is strongly NP-hard. o

3. A branch and bound approach

Since the problem of F2|multi-predecessor/Cmax is NP-hard in strong sense, we will provide a
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branch and bound algorithm in this paper. Before we describe the algorithm, some dominant
rules will be developed.

Define @; as an operations set which contains operations in machine 4 that have to be
processed before the operation of p;. The property of set @; can be described as following.

1) @; # O, because p;; is one of the elements;

i) ®@; and @ have intersection if an operation of p;, precedes both the operations of p,; and

P2k
Define ¢; as a subset of @;. ¢; can be the empty set @ or the whole set @;.

Lemma 3.1 Consider an optimal sequence in machine B. Without loss of generality, we change
the subscripts of operations in the optimal sequence such that the sequence is p3j, ..., p2,. Then

the optimal sequence in machine A is in the order of ¢;, @3, ..., Qp.

Proof. The proof is done by induction. First, let j = 1. Consider operation p,,. Since all the
operations in @; have to be finished before p,;, we can postpone all the operations not in @,
until all the operations in @; are finished. Obviously, this will not increase the makespan.
Therefore, ¢, is equal to @,. Then, let’s consider operation p,;. Take the order of ¢;, ¢, ..., ¢;s
as fixed in machine 4. Since all the operations in @; have to be finished before p,;, and some
operations in @; have been finished, we can postpone all the rest operations not in @; until all
the operations in @; are finished. This will not increase the makespan. i

From above lemma, we can have a corresponding sets of ¢;, ¢, ..., ¢, in machine 4, if we
have a operations sequence s in machine B, py, ..., Py, --., Pon-

Define ®;(k) as a subset of @;. @;(k) contains the all the operations in @; which are not
included in ¢;, @), ..., ;. That is to say, if we put job j in the kth position in the sequence,
@;(k) contains all the unprocessed operations in machine 4 which precede p,. Clearly, we
have @;(1)= @;.

Define 4; as the total operation time of ®;. We have

4, = Zpli
P1i€D;

Similarly define 4;(k) as the total operation time of @;(k).

A_,' (k) = Zpli

P €® (k)

Clearly, 4,(1)=A4;.

If 4; < p,; for each job J; in set J, we can form a sequence with the following Instant
Shortest Process Time (ISPT) algorithm.
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Algorithm ISPT

Step 1 Let 4=1. Find a job with the smallest 4; in machine A. Ties may be broke arbitrarily.
Assign this job as the first job in sequence s.

Step 2 Let ki=k+1. Find the job J; with the smallest 4;(k). Ties may be broke arbitrarily.
Assign job j as the kth job in sequence s.

Step 3 if k=n, Stop; else go to Step2.

Theorem 3.1 The sequence s generated from Algorithm ISPT is an optimal sequence for
F2\multi-predecessor|Cmax if A;< p; for each job J; in set J.

Proof. From Lemma 3.1, we know that the operations sequence in machine 4 is decided by the
operations sequence in machine B, and it is easy to verify that the operations sequences within
9, j=1,...,n, have no effect on the makespan.

The further proof is by contradiction. Suppose a schedule with contradiction is optimal. In this
optimal schedule, there must be a pair of adjacent jobs, say job J; followed by job J, that
satisfy the condition of A;(1)>A(1), [ is job J;’s position in the sequence.

It is suffices to show that the makespan is reduced after a pairwise interchange of jobs J; and J
in machine B.

Let @ be the intersection of @;(]) and P(/). Because operations in O are the predecessors for
both operations of p,; and py, these operations can be finished firstly no matter the order of
jobsj and k. Let @ (I) and @ i(I) be the subsets of @;(1) and P(I) without @, respectively. Let
A (1) and A4 i(I) be the operation time of @ j(1) and @ (I). Clearly, we have 4 j(I) > A i(l). Since
@ /(1) and @ (1) have no intersections, and the operations in @ j(I) have to be finished before p;
and the operations in @ j(I) have to be finished before py, the shortest makespan for these two
jobs can be achieved easily by Johnson's rule. If A j(1) > A (1), A ()<A;Sps;, and A (()SASpa,
the sequence of job J; followed by job J; will ensure the shortest finish time in machine B for
jobs J; and J. O

Corollary 3.1 In the optimal sequence of a problem of F2|multi-predecessor|C,.., the order of
Jjobs which have A;< p,;, follows the ISPT rule.

Proof. The proof is by contradiction. Suppose another type of schedule is optimal. In this
optimal schedule, there must be a pair of jobs, say job J; followed ( may not be immediately
followed) by job Jj, that satisfy the condition of A;(p)>Ax(p), which have 4;(p)<p.;, A(p)<pxs. p
is job J;’s position in the sequence. This can be illustrated by Fig. 3.1.
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, A;(p) Ax(q)
Machine 4 | Pzl 1. | ]

Pz D2k
Machine B [ |22 A 1. [ E % |

Fig. 3.1 Illustration for Corollary 3.1
It is easy to verify that if we relocate job Ji to the front of job J; in machine B, and make the
corresponding change in machine 4 based on Lemma 3.1, the total makespan will not be
increased. o
Corollary 3.2 In the optimal sequence of a problem of F2|multi-predecessor|Cmax, the order
of jobs which have condition of p;; > p,; and have no successors will follow the LPT rule in
machine B, and all these kind of jobs will be sequenced after the jobs which have A; < p,,.

The proof is by contradiction and similar to the proofs in Theorem 3.1 and Corollary 3.1. O

The above two corollaries will help us in finding a better branching strategy. To find the bound
for the original problem, we need following Lemma.

Lemma 3.2 The Johnson s rule is the optimal solution for the problem of F2||Cy,x. o

A branch and bound procedure for F2|multi-predecessor|C,,.x can be constructed as follows.

First, based on Lemma 3.1, the sequence in machine 4 is decided by the sequence in machine B.

So, we only need to develop the sequence in machine B. The branching operation may be
based on the fact that schedules are developed starting from the beginning of the schedule.
There is a single node at level 0 that is the top of the branching tree. At this node, none of the
jobs has been put into any position in the sequence.

The branching step In branching level k (k > 1), there are k-1 jobs that have been scheduled.
Define J° as the set of jobs that are not scheduled, J as the subset of J° which contains jobs of
A;(1)<ps, J° as another subset of J° which contains jobs of p;>p,; and have no successors, and
J’ as the complementary set of J* and J° in set J°. If J # @, find the job J,in J* with the smallest
A,(k), and add job J, to J°. If J'=@, and J° # @, find the job J, in J° with the largest p,, and add
job J, to J°. Every job in J° can be put in the position & in the sequence. The number of jobs in
J’ is the number of branches in level k. If J” = @, we already get a complete sequence;
otherwise, we get a partial sequence.

The bounding step Based on each newly generated partial sequence, consecutively append all
unscheduled jobs into the partial sequence in the order of Johnson s rule, and compute their
completion times without considering their precedence constraints. The completion time at
machine B for the latest appended job is the lower bound for the makespan of this partial
sequence. In level £, the partial sequence with the lowest lower bound will be selected as the
next branching node.
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The fathoming step At the beginning of the algorithm, the current optimal makespan Z is set
at infinity, that is, Z'=o0. A partial sequence will be fathomed if either

(i) Its lower bound is not smaller than Z", or

(i1) It is a complete sequence.

If a partial sequence is fathomed by (ii), update Z" with its associated lower bound whenever
the latter has a smaller value.

Recursively implementing the branch-and-bound algorithm above will generate an optimal job
sequence.

4. Conclusion

In this study, a two-machine shop floor scheduling problem multi-predecessor constraints is
studied. In a manufacturing environment, the first machine may be a production stage for
different kinds of materials, and the second machine may be the assembly stage using the
materials from stage 1. This paper describes the multi-predecessor constraint, and proves that
the complexity of F2|multi-predecessor|C,.x is NP-hard in strong sense. A branch and bound
algorithm is put forward to solve the problem. Some dominant rules are established to
eliminate branches and improve efficiency.

Concerning jobs with multi-predecessor constraints, several issues are worthy of future
research. The development of algorithms for the two-machine shop floor with other
performance measures can be investigated. Polynomial algorithms for special types of
problems can be developed. More dominant rules can be found for the branch and bound
algorithm. Application of our results to more complex manufacturing environments, such as
the multiple-stage shop floor problem, is another area of research.
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